Ha pucyHkKy 5 HaBefleHO cxeMy yknafeHnx y 2017 poui foroBopiB MiJIOTHOrO NMPOeKTY BrpPOBaLXeHHS
AyanbHOI CUCTEMM HaBYaHHS MarictpiB 1-ro i 2-ro poKy HaBYaHHS1 iH(DOPMATUYHUX CreLia/IbHOCTER MiXK
HauioHanbHUM negaroriyHMM  yHiBepcuteTom imMeHi M., [dparomaHoBa i cepefHiMW HaBYa/IbHUMU
3aknagamn micta Knesa i KniBcbKoi 061acTi.

Be3nepeyHo gyanbHa cucTemMa HaBYaHHA € OAHUM 3 e(IeKTUBHUX HanpsmiB pethopMyBaHHA BULLOI
OCBiTU B YKpaiHi, Xo4a Ha CbOrofHi cMcTema OCBIiTM B YKpaiHi Le HefoCUTb afanToBaHa A0 peasisaLii
OyanbHOI CMCTEMM HaBYaHHA 33 KIACUYHUMU HIMELbKUMW 3paskaMu Yy 3B’A3KY 3 HEroTOBHICTHO
po6oTofaBLiB 6paTu aKTMBHY yyacTb y MIAFOTOBLi i HaBYaHHI MainbyTHIX ¢axiBuiB. Hessaxaroun Ha Ue,
B3aEMOfiA | fianor KepiBHMKIB, BMK/IagadiB, CTYAEHTIB BMLMX HaBYa/IbHUX 3aK/IagiB i MOTEHLIAHUX
po60To4aBLIB MOBUHHI 6YTW HanarofkeHi i MOCTIAHO pPo3WMPIOBATMCA B PI3HUX (opmax i HanpsiMax,
0c06/MBO B TUX ranyssix, ie € NosUTUBHI pesynbTaTu.
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O HEKOTOPbIX ACNEKTAX AYA/IbHOW CUCTEMbl OBYYEHUA CTYAEHTOB
NMH®OPMATUYECKUX CMELUVNANTBHOCTEN NEAATOMMYECKUX YHUBEPCUTETOB
H. H. KysbmuHa, A.B. KysbMuH

AHHOTauus. B cTaTbe paccMaTpuBalOTCA OCHOBHble XapakTepUCTWK/ [yanbHOW CUCTEMbl O0BydeHus.
[JyanbHoe o6pa3oBaHue - 3TO COBMELLEHVE CTYAEHTOM 6a30BOr0 TEOPeTUYECKOro 00y4eHWUs B BbICLUEM Y4YeOHOM
3aBefeHun € NpakTu4Yeckoin paboToi Ha NpesnpuaTUN B COOTBETCTBUN C BbIOGPaHHON creunanbHOCThIo. MpuBeaeH
npyMep peannsauum KNnaccuyeckoin AyanbHoi cucTembl 06yveHus B MepmaHun, B DHGE —BbICLueil ayanbHOR LKone
Iepa-AiizeHax. PaccmaTprBaloTCA NepCneKTUBbl BHEAPEHUS OyanbHOro 06pas3oBaHvs B YKpavHe, B YaCTHOCTMW Ans
CTYAEHTOB NH(OPMATUYECKUX CreLnanbHOCTER Nejarornyeckux yHMBepcuTeT0B.

KntoueBble cnosa: gyanbHas cucTema obydennsi, DHGE - Bbicwas gyanbHas wkona epa-AiizeHax, NUAOTHbIN
MPOeKT.

ABOUT SOME ASPECTS OF DUAL SYSTEM OF EDUCATION FOR SYUDENTS OF
INFORMATICS SPECIALTIES OF PEDAGOGICAL UNIVERSITIES
N. Kuzmina, A. Kuzmin

Resume. The article describes the main characteristics ofthe dual system ofeducation. The dual education is the
combination of basic theoretical disciplines taught at a higher education establishment with a practical work of a
student at an enterprise according to his or her specialty. It gives the example of implementing a classical dual system
of education in Germany, at DHGE —Gera-Eisenach Dual School of Higher Education. It studies the prospects of
implementing dual education in Ukraine, in particular for students of Informatics specialties of pedagogical
universities.

Keywords: dual system ofeducation, DHGE - Gera-Eisenach Dual School ofHigher Education, pilot project.
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HaujioHanbHWiA negaroriyHnii yHiBepcuTeT imeHi M.IM. JparomaHoBa

JEAKI SACTOCYBAHHA TAYBEPOBUX TEOPEM A0 3AKOHY BEJTMKUX UANCEN

AHOTaLif. B cTaTTipo3rnsgalnThea OKPeMi MMTaHHA CTOCOBHO 3aKOHY BE/IMKMX YKCEN B Teopii MMOBIpHOCT el
Ta KOPEKTHOCTI 03HAYEHHS MOHAT TA AMOBIPHOCTI BMNAAKOBOI MOAIT.
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Knrouogi cnosa: cmoxacmuxa, timogipuicims, maybepogu meopemu.

Uepes MOHATTA rpaHULl MOCTIAOBHOCTI x,, ne N, TOUOK JAHOTO HOPMOBAaHOTO MPOCTOPY 33aJAEThCS

MICBHE B1IOOPAKCHHS CYKYMHOCTI 301KHUX MOC/TA0BHOCTSH WICHIB [HOTO MPOCTOPY Y LEH caMuii mpocTip.

VY 3B’a3ky 3 umM Oyab-sKE BiXOOPaKCHHS IMEBHOI CYKYHHOCTI A/ MOCTIZOBHOCTCH YICHIB JAHOTO
HOPMOBAHOIO MPOCTOPY V LEH MPOCTIP HA3MBAKTE MEMO00M NIOCYMOBYBAHHA NOCHIO06HOCHEN i3
cyxynHocmi M. B takoMmy pasi, SKIO MOCTAOBHOCTI (x,)eM BIANOBIAAE €IEMEHT ¢, KAKYTh, IO L

ROCTIO06HICHb NIOCYMOBYEMBCS 30 OOHUM MEMOO00M 00 a.
3BHYaiHY 301KHICTh HOCIIAOBHOCTI HA3UBAKOTh OOUHUYHUM MEMOOOM NIOCYMOGY6aHHs 1 IO3HAYAIOTh
/- lm x,=lm x,.

n—>0 n—>0
VY Bumnagky, koan M cmiBmajgae i3 CYKYIHICTIO HOCTIOOBHOCTCH X, k€ N, Ind AKUX € 301KHHUMU

14
MOCTIAOBHOCTI V,, = % Y xi . ne N, METOJ IMICYMOBYBAHHS HA3UBAIOTh MEMOOOM CePeOHiX apupMenuynux
k=1

n
ado (c, 1)-meromom, mnosHauarwote (¢,1)— lim x, = lim ink 1 KaKyTb, IO nociHioogHicms (x;)
n—>0 n—>0
k=1

n
niocymosyemocsi 3a memooom (¢, 1) 0o enemenma a= lim 1Y x;, naHOrO HOPMOBAHOTO MPOCTOPY.
e =]

Memoo niocymogyeannsi HA3UBAIOTh peeyiapHUM, SKIIO 33 HUM IMIACYMOBYETbCS KOXKHA 301KHA
MOCTIAOBHICTh, IPUIOMY 1O ii rpaHuL.

Bzaram kaskyum, 3 yMOBH, IO AaHA MOCTIAOBHICTh MiACYMOBYEThCS 3a JAHHM METOAOM, HEC BHILTHBAE ii
30LKHICTE. TOMY BHHHKAE MHATAHHA: 30 AKUX 000amKo6ux ymoe (iX Ha3HUBAIOTh may0eposumu YMOGAM) 3
YMOBU NIOCYMOBYBAHHA NOCHIO08HOCHI (X,) 30 OGHUM Pe2yNAPHUM MemOOOM 00 eleMeHmd d 6UNIUBAE
30incHicms (x,) 0o a?

TeopemMu, B SKHX CTBEPIKYETBCSA, INO IIEBHI VMOBH € TayOCpOBHMH AN JAaHOTO METOAY
MICYMOBYBAaHHS, HA3UBAIOTh MAYOepOSUMU MEeOPeMAMIL.

VY naniii cTarti OyAe PO3TISTHYTO HU3KY TayOCPOBHX TCOPEM Ui METOAY CEPEAHIX apu(pMETUUHMX Ta
MPOLTIOCTPOBAHO ACAKI 3aCTOCYBAHHA LIMX TCOPEM J0 3aKOHY BEJIMKUX YUCET — OJHOTO 3 OCHOBHHX 3aKOHIB
TeOpii HMOBIPHOCTEH (CTOXACTUKH), SIKA € BAarOMOIO I ABATHHOKO Cy4yacHoi iHpopmaruku [12].

1. Ilousittas D-touxku mnocaigoBHocTi. [[as mpoctotn y wili ¢crarTi PO3rISAATHMEMO  JTHINC
JIHCHO3HAYHI TTOCTIAOBHOCTL X%, ke N .

Jlerko GauuTH, MO MeMOO CepeoHix apUPMEMULHUX € Pe2YISPHUM MeMo0oM niocymogyeans. Pazom 3
TUM 32 UM METOAOM MiACYMOBYETbCS 10 0 po3biHa MOCHA0BHICTh (—1)", ne N, a TOMy NUTaHHS OO
ICHYBaHHS TayOCPOBUX YMOB IUIA (¢,1) — METOAY € 3MICIOGHUM.

n n
OckipKu yMOBa % D X = a, KO 1 —>00, € PIBHOCHIIBHOKO TOMY, IO % D> (% —a)—>0, koI n—>w®,
k=1 k=1
JOCTITUMO, 30 AKUX YMOG NOCTIO0GHICIb HANEGHO He MOJce MNIOCYMO8yeamucs 00 HYIf, SAKUWO 60HA HE €
30i21CHOI0 00 HYA.
S0 moCHiOBHICTE X,,, e N, He € 301KHO0 10 0, TO MOYK/IHBI TPU BUIAIKH:

1) lim x, >0, 30kpema lm x, =+c0;
>0 H—>c0

2) lim x, <0 3okpema lm x, =-o0o;

n—>c0 n—>0
3) Im x, <0< lm x,, limx, <lim x,, .
n—»w n—

VY Bumagkax 1) 1 2) icHYI0Th € >0 Ta ng € N Taki, Mo x, >¢ 32 JOBUIBHHX /= My y BHOAAKY 1) Ta

(-Dx,, > ¢ 3a AOBIIBHHUX H =1 y BUNAAKY 2), & TOMY TSl BCIX JOCHTb BEIUKUX 71> 7 ¥, > £ y BHIAIKY D

Ta y, s—% y BHIAJIKY 2), BHACHIIOK YOTO V,, :% x; » 0, Ko 1 —> o0 . 30KpemMa, SIKIIO nli_n)loo Xy = +00

Ira-

MOJKHA BBAKATH, 1[0 & = &(7) —>+00, j —> 00, BHACIIOK YOTO TOCTIIOBHICTE (,) HE € OOMCIKCHOIO,
HAaBIThb € Po301KHOI0 10 +90 abo 10 —w©.
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n
3Biacu BMHMKaE rinoTesa, wo yn=1 "~ xk —0 3a n—Xx , Konu icHye €> 0 Ta JocuTb A0Bra cepis
nk=1

MOCNifOBHNX HOMepiB, TO6TO UinouncenbHi BigpiskM mtuy, i€ N, Taki, wo xk >¢ a6o (-xk)>e€, ko
m, <k <ni, ieN . A akwo we € =¢(i) — +X TO NOCAIJOBHICTb (yNn) He € 06MEXEHOH.

YTOUHIOOUM NOHATTA “AOCUTb AOBroi cepii NocnifOBHUX HOMEPIB”, AiCTAEMO HaCTyMNHe 03HAYeHHS.
O3sHaueHHs .D-Touku. TOYKy Hynb Ha3BemMo D-TOYKOKW MOCnifoBHOCTI Xxne (-X;+X), neN, Akuio

icHyioTb unucna ate {-1;1}, ie N , Ta 3pocTatwui NocNifoBHOCTI HOMepiB Mt — +X Ta w,— +X Taki, Wo

lim min aXk >0i lim—>1.

i— mi<k<ni i—x mi

AKWO KpiM TOro BusABnAeTbhCHA, Wo lim min atXk =+Xx, TO TOAI We /i HecKiHYEHHO BigfaneHy
i—Xmi <k<+-

TOuKy (260 NPOCTO HECKIHYEHHICTb) HasMBaTUMeMO D-TOUKOI NnocnifoBHOCTI (xn).
3p03yMifio, WO KO/ HECKiHYeHHICTb € D-TOUKOK MOCAifOBHOCTI (Xn), TO i Hynb € D-TO4UKOK L€l
NocnifOBHOCTI, ane He HaBNaku.

2. Mpuknagn nNoOCNiAOBHOCTEN, AN SAKUX IiCHYWTb /AE-TOYKKU. PO3rnsiHeMO HacTynHi Knacu
nocnigoBHocTel (xn) :

1) lim xn >0 a6o lim xn <0, 30kpema_lim xn=+x a6o Um xn=-x ;
M= M—x n—x
2) limn(xn- xn-1) =0; 5 lim (xn-xm)=0;
n—x 1<r}n—|
3) lim - XN-i| <+X ; 6) i - >0.
) nl/(nﬁg [xn - xn-i| <+x ) 1<!KrrA11 (xn - xm)

S
4) W n(xn - X >-aa;
nmga
MepeKoHaeMOCs, WO, KOAW 3af0BOAbHAETLCA NpUHAMHI 0A4HA 3 YMOB 1)-6) i nOCNigoBHICTbL (Xn) He
36iraeTbcs 40 Hyns (He € 06Me>KEeHOH), TO HYNb (HECKIHYEHHICTb) € D-TOUYKO LieTi NoCNif0BHOCTI.

3a floBefleHUM paHille TouKa Hy/b € D-TouKoo NocnifoBHOCTI (xn) 3a ymoBu 1), a konm lim xn =+x
n—x
abo nIim XN =- X , TO HECKIHYEHHO BiffaseHa Touka € D -Touko (xn).
—x

CT0COBHO YMOB 2)-6) nerko 6aumTu, wo 3 2) cnigye 3), 3 3) cnigye 4), 3 4) cnigye 5), a3 5) cnigye 6).
ToMmy fOCTaTHBLO AOBECTU CHOPMYNbOBaHe TBEPAXKEHHS 3a YMOBU 6).
OTxe, Hexail ymMoBa 1) He BUKOHYETbLCS, a BUKOHYETbLCSA yMoBa 6). Tofi, BpaxoBytouu, wo xn —O0, Konm

n—x , ogepxumo: lim xn < lim xn , npuyomy Um xn <0, a6o lim xn >0.

n—x n— x n—x — X

PosrnaHemo Bnnagok lim xn =b >0. Togi icHy0Tb uncna a, 3, y i 3pocTaroya nocnifoBHicTb mk — +x

n—x

Taki, Wwo lim xn <a <B < lim xn, a> 0, Nk >y >1 3a goBiNbHUX k, NpuyoMy xm >R 3a AoBibHUX K, a
m

n—x no—x mk
ceped HoMepiB n € (mk;mk+) 3a goBinbHMX k € Taki, Ana AkKux xn <a (gue. puc. 1). Mo3Haummo
w, +1=min{n|ne (mk;mktl),xn <a} .

Togi xn>a >0 3a goBinbHUX ne H ;nk], x,ktl <a Ta

Puc. 1

3a AoBiNbHMX k. 3Bigcm Bunameae, wo  lim >i, ocKifbkM B iHWOMY pasi icHye 3pocTaroua
k—X mk

nocnigoBHictb k =kt —+X, ana akoi "™*! *1 konm k=L —+X, a ToMy 3a YyMOBOW 6)
mk

Y® (snk+i - smk) >0, npoTe Srk+ - Snk < @-B <0 3aa0BinbHMX k.
k=kj— x
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Takum uuHOM, min X, > >0 32 JOBUTBHUX k1 lim —% >1, TOOTO Hy/b € D-TOUKOIO MOCTIAOBHOCTI
my <n<ny k>0 M

(x,).
MipkyBanHs A1 BUnaaky lm x, <0 Ta A7 HECKIHYCHHO BigAaaCHOI [D-TOUYKH aHAJIOTI4HI.

n—>0

3. D-Bnacrusictp Metoay cepeaHix apudmernyHux. [Ipunmyctumo, mo Hynp € D-TOUKOIO
MOCMiAOBHOCTI (x,) . Toai icHyIoTh uncna «, €{-1;1}, >0 1 y>1, a TakoX 3POCTAIOYI MOCIIAOBHOCTI

m; =0 1 n; —> 00 TaKi, IO

min ox, =f>0 1 2> >7/>1 3a JOBLIBHUX [ €N .
m; <k<n;

. ) . . k.
Anst BCIX AOCHTH BEIMKUX i€ N ICHYIOTH HOMCPH k; Ta [ Taki WO m; <k; <l; <n;, IpudaoMy —-= a
i

n; * * -
27/ 1 l—_’Zy masa geskoro uncna ¥ €(Ly). Toml ama moOCTZOBHOCTI :%Zxk MOXKINBI ABa
i i k=1

BUIAKH!
1) m oy, 20 abo2) lm oy, <0.

i—>00 i—>00

|

V sumaaky 1) 411 BCiX n e/, n; Ta BCIX OCHTb BEMMKHX i Oy1e

k; 1 ‘ k; k;
Ocl-yn—— Zaxk+ Zaxk =— Vi, 0+ Zaixk 27ykiai+ﬂ(l—7)2

k=k;+1 k=k;+1
k.

>=y.o;+p 1—% 2%,8 1—% .
n i ;, ;,

lim min o;y,>0 1 hm—>1

z—)ool <k<n i—>o0 l

3BiCH BUILIHUBAE, IO

T06TO Hy 1B € D-TouKO0 mocmgosrocTi (Vn) |
YV Bumaaky 2) MOKHA BBaKATH, IO iCHYe S>0 1 MANOCTAOBHICTE i=i(v), ve N, Amsd sKoi

Vi, % <-6<0,xomu i =i(v), ve N .

3po3ymino, 1o A1 Takux i =i(v) ,ve N, Ta nem;, k; Mae MicLe

n k,‘
ny,on = ax <> opx;
k=1 k=1

k.
TO0TO y,0; <y, 0 <=6 .
Tomy

min (-«;)y,20>0 Ta k—>7/ >13a;[0131an1/1Xl—l(V) veN .
m; Sn<k;

Lle o3Hauae, 1m0 1y BHIaIKy 2) HYJIb € [)-TOUKOO MOCTIAOBHOCTI (1)) .
AHAIOTIYHO MOXKHA JOBECTH, IIO KOJIM HECKIHUCHHICTh € [)-TOYKOK MOCIIAOBHOCTI X,, TO BOHA €

n
TaKOK 1 D-TOUKOKO MOCTAOBHOCTI (y,,) = (% D> oxp).
k=1

Takum 4rHOM, JOBEICHA HACTYITHA TCOPEMA.
Teopema (D-BiacTuBicte MeToay cepeanix apudmeruunux). xuo Hyiv (HeckiHueHHicmb) €

n
D-mouroio nocnioognocmi ( x,, ), mo Hyav (Heckinuennicms) € D-mouxoro i nocrioognocmi (y,) = (% D> ox).
k=1
Hacaigok. AHxwo nyno (neckinvennicms) € D-mouxoro nocrioosnocmi (x,), mo cepedHi apugpmemuyni
yiel nocridosHocmi He MOACYmMb 30ieamucs 00 Hyas (He MOJCYmb DYmU 0OMEHCEHUMU).
4. TayOepoBu TeopemMH AJA MeTOAY cepeAHix apu¢pmernunux. [lepeBipumo, uu € TayOepoBuMU

VMOBaMH JJTs1 METOY CEPEeIHIX apUPMETUUHUX YMOBH 2)-0) MyHKTY 2.
3po3yMLITO, IO KOJH CTOCOBHO MOCIIAOBHOCTI (X, ) 33JOBUIBHIETBCS SIKACh 13 33AaHUX YMOB 2)-6), TO

JUTst Oy AB-SIKOTO YHC/IA ¢ CTOCOBHO MOCTITOBHOCTI ( X, — ¢ ) TAKOK 3300 BIIbHAETHCS LI YMOBA.
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Hexait nocmiaoBHicTh ( x,) MIACYMOBYETHCS 32 METOAOM CEPEAHIX apupMETHIHUX A0 YHCIA ¢, TOOTO
n . n
V=LY x >a,xom n—w. Tomi y,—a=L3 (x, —a) >0, xomu n—>o0.
k=1 k=1

Ko npunycTUTH, MO CTOCOBHO ( x,,) (2 TOMY 1 CTOCOBHO ( X, — @ )) 32X0BUIBHAETHCS SIKACh 3 YMOB 2)-
6)1 x, Ha, KOmA n—>w©, TOOTO X, —a -0, KOIA 1 —>% , TO BHACTIAOK TBEPKCHHS IMYHKTY 2 HYIb Oyae
D-To4KOI0 MOCTIMOBHOCTI (X, —a ).

3BiACH 32 HACHIAKOM 3 [)-BIACTHBOCTI METOAY CEPEIOHIX apUPMETHUYHUX JICTAEMO HEMOIKIHBICTD
301KHOCTI 10 HyJIsI MOCIA0BHOCTI (1, —a ). A 32 YMOBOI ¥, —a —> 0, KOJH 7 —> 0 .

Hictanu cynepeuHicTh, 3riJHO 3 SKOK0 X, —> d , KOH 1 —> 0 .
AHAQJIOTIYHO MEPEKOHYEMOCS B OOMEKEHOCTI HOCTIOBHOCTI (x,), Komm oOMexeHi ii cepeaHi

apu(METUUHI Ta BUKOHYETHCS SKACh 3 YMOB 2)-6).
Takum 4HHOM, MPABUIBPHE HACTYITHE TBSPAKCHHSI.
Teopema. Hexaii cmocosno nociioognocmi (x,) 30006inbHAEMbCS AKACL 3 YM06 2)-0), a ii cepeoHi

apugpmemuuni € 36ixcHumu 00 a (€ oomedxcenumu). T00i nocriooenicmo (x, ) maxoxc € 36ixcHow0 0o a (€
00MEIHCEHOID).

5. 3acrocyBanHsi Tay0epoBHX TeopeM /[0 3aKOHY BEJIHKHX 4YHCeJI. PO3rISIHEMO MOCIIOBHICT
WMOBIPHICHHX TpocTOpiB (€2, S,P), ie N, moB’s3aHux 13 cxemMow llyaccoHa MOBTOPHUX HE3AICIKHHUX

BUIPOGYBAHb, i YTBOPHMO BiNOBIXHHIT 106YTOK LUX MPOCTOPIiB, T06T0 (X, S.Py.
Toni pms noeimeHOI (PpikcoBanoi mogii A€ S MOXKHA YTBOPUTH NOIii 4, € S - BiagOyBaHHs moii 4 B i-
My BHIPOOYBaHHI 3 HMOBIPHICTIO P (A) = p; = 13(A,-) ,ieN.
Sxmo X,(w), we Q, — inguKaTopu NoAii A;, To X; € BUMAAKOBHMH BETHIHHAMH (CTOCOBHO (Q), S.P)),
npuaomy MX;|=p;,a DIX;]=p(1-p;).
BunaakoBy Beauuuny Y, = %i)( ; MOJKHA TIYMAYHUTHU SIK BUIMAAKOBY CTATUCTHYIHY WMOBIPHICTh MOl
i=1

A inossauaru P (4,@), neN, oeQ.

. . 1 B
Toai 3rizHO 3 3aKOHOM BeMMKUX umcen B, (4w)-—> p,——>0, xomu n-—>o, TOOTO
n
i=1

- 1 .
PP (A @)-=Y p;12}) >0, xomm n—>o0 3a noBinbHUX € > 0.
=1
[MpUpOJHO BHHMKAC TUTAHHS: 30 AKUX YMOG ICHYE Hucio p, 3anedxcwe auue 6i0 A, 011 aKkoeo

P({| B} (A.0)~ p|>£}) =0, xomt n —> o , 33 10BUBHEX & >0, mo6mo P, (A,@)—2—> p  xomt n - .

6. HeoOxigni ymoBH icHyBanHs uucen p=P(A). [lpunyctiuvo, mo motpidHe urcno p=P(4) icHye 1
MO3HAYUMO

~ * ~ * 1 n &
Alg)-t0loc. | 5(40)-p12 5} Ble)- w0l 1P (do) -~ p1= 2}
i=1

ae ¢ e (0;1) — moBiibHe 1 hikcoane. Toal A JOCUTH BEIUKUX 1 OV e
Py 5 5
P@\AE)UBE)>1-¢>0,
a TOMY MHO>KHHA 5\(A(§)UB (%»::@ Ha i MHOXMHI 719 BCIX JOCUTH BEIHMKUX 7 3aJ0BLIBHAIOTHCS

HCPIBHOCTI
&
~ >

c . 1Z
P4, @)-pl< i | P4, @)-= p; |< >

i=1
a TOMY 330BUTBHSIOTHCS 1 HEPIBHOCTI

1&Z 1 &
=Y pi—PI<I=D.pi =P (4, @) |+| P, (4, 0)-pl<e,
i i
AJIA BCiX JOCUTH BCIIUKUX 77.
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14
OT1xe, Ak o nompibue uucio p=P(A) icnye, mo 06086 '13x060 %Z p; —> p,KOIH n—>00 .
i=1

7. locTaTHi Ta HeoOXiaHi i JocTaTHI ymMOBH icHyBaHHs ynciaa p=P(A). [Ipunyctumo Tenep, mo icHye
n 14
lim %Zp,- = p . Toxi 3a nosimeHOTO £ € (0;1) icnye 1y = Hy(€) Taxe, mWo |%Zpi ~ p|<% 3a n0BiMBHUX
n—>o " i=1

n > ng . Ja nodyaosanoi Buine MHOKUHH B (%) posrisaeMO @ € Q\ B (%) Jnst Takux @ AictaemMo

" " 1Z 1Z e ¢
| P (A,0) - p|<| B (4, @)= pi | +|=2 pi—Pl<=+==5 xoma n=n,.
hiz hia 2 2

. . * . .
Orxe, mepisnicts | P, (4), (@) — p|= & BukoHyeThCa Xi0a M0 Ha MHOXUHI B (%), a ToMy

A w)—p|25}>sﬁ<B[§j:F 2 -2 122 50, xom e
i=1

n
Takum auHOM, YMO8a icHyearHHs nli_l)n@%Z p; =P € 00CMamuwb010 Ol MOo20, Wod Mmaid micye 301KHICT
i=1
P:(A, w)Lp,Kom/I n—>w,
Bpaxosytoun J0BeACHY BUINE HEOOXIHICTD, JICTAEMO MPABUIBHICTh HACTYITHOTO TBEPIKCHHSI.
Teopema. Hexaii 3a0ano timogipnuii npocmiti (Ez, §,ﬁ) , Wo eionogioae cxemi Ilyaccona noemopHux
HE3CIeHCHUX BUNPODYBAHL, 8 KOMCHOMY i-MY 3 axux nodia AeS eiobysaemvca 3 iimosipuicmio P,(A) = p;,
ieN.
Hexaii maxoxc P, (4, 0), oeQ, -—cmamucmuyna timogipHicms nodii A, wo eionogioae neputum n
BUNPOOYBAHHAM.

To0i ons moeo, o6 icuyeano uucio p=P(A), ona k020 P(A, ®)—-— p, KO n—>w , HEOBXIOHO i
n
documb, wob icuyeana epanuys lim %Z pi=p.
= tia

Hacninok. Hexaii euxonano ymosu ocmannuoi meopemu i (p;) 3000801vHAE AKYCo maydepogy ymogy 2)-

6) nyuxmy 2. Tooi onsa moeo, woé icuyeano wucno p=P(A), ona axoeo P, (A,a))i> P, KO n—>©,
HeoOXiOHo i documb, o6 icHyeana epanuys lim p, =p .
i

3po3yMiITo, IO IICH HAC/IAOK BHILTHBAE 3 TCOPEM MyHKTIB 7 Ta 4.

8. Osnauenns iimoBipHocti 3a Misecom. [lpunycrimo, 1o p; =P;(4) — BIZHOCHI 4acTOTH BiAOYBaHHS
nofii A y meplux / HOCIiA0OBHUX HE3aNCKHUX BUNPOOyBaHHAX. Toxi p; = %, J¢ u, — KUIBKICTh BiAOYBaHb
nofii A y nepiinx i BUMPoOyBaHHsX, a ToMy 0< 4, — 2, <1 Vie N . BHacmiaok uporo

Hin M |=| (g =)~ My |< 2

| Pi1 = p: 1= PR A+ <7 3a JOBUIbHUX /€N,

TOOTO CTOCOBHO MOCITIAOBHOCTI (p;) 32X0BUIBHIETECS TayOEpOBa YMOBA TUITY 3) MYHKTY 2.
TakuM YHMHOM, 30 6KASAHUX MPUNYUjeHs, Ond moeo, wob icwyeano uucio p=P(4), ora axoeo
Py (4, 0)—L— P, KO 1 —> 0 , He0OXIOHO 1l documb, wob icHyedanra spanuys gionocuux yacmom P;(A) nooii
A, npuvomy lm F(A)=p.
1—>0

OcraHHE TBEPMKCHHS € TCOPCTHYHMM MIAIPYHTSIM [Jiss TOTO, OO0 BBAXKATH OJHUM 3 MOMKIHBHX
y >
croco0IB 3aJaHHs HWMOBIPHICHOI Mipu Bigome o3HaueHHsi P. Miszeca: P(4)= lim %, AKWO Y epanuys
i—»0

icnye, Oe u, — Kinvkicmo 6i00yeans nooii A y nepuiux i npogedeHHIX OaH020 UNPODYEAHHS 3 HeCKIHYeHHOT
cepii nOCIIO0BHUX HE3ANEIHCHUX NPOBEOEHL YbO20 GUNPODYEAHHS.

9. Me:xi 3acTocyBanb fimoBipHocTi 3a Mizecom. [Ipunycrrmo, mo BUnpoGyBaHHS 3a1aH0, IpocTip )
BHU3HAUCHO 1 MPOCTIp MoAIH S NOPOMKYETHCA 33 JBOMA B3aEMHO MPOTHICKHUMU HOmissMu AcQ 1 AcQ.

Toxi iimMoBipHicTE P Ha 1ILOMY MPOCTOPI TEOPETUYHO MOYHA 3a7aTH 3a PiBHICTIO P(A4)= lim P, (4), e
n—>0
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Py (4), ne N — BiIHOCHA 4acTOTa Nofii A, BU3HAYEHA 32 PE3y/IbTATAMHU MEPIIUX /7 TTOCTLAOBHUX MPOBEACHD

JAHOTO BHUIIPOOYBAHHS.
Tak 3amany ¥#MmoBipHICTE P HazBeMo #mogipwicmio Mizeca. 1{ro AMOBIPHICTD TCOPETUYHO MOXKHA
MOLIMPHTH HA BHUNAAOK, KOIU MPOCTIp Mo S MOPOMKYVETBCA 33 CKIHUCHHOIO KiJBKICTIO MOMApHO

n
HECYMICHHX HONIH A, Ay,....A,, n=22, uusxux |4, =Q.
k=1
OTxe, TeopeTHUHO MMOBIpHICTE Mizeca MOKHA 3aCTOCOBYBATH A MOOYIOBH HMOBIPHICHUX MOJCICH
(©Q, S, P), xomu npocTip ) eIeMEHTaPHUX NOAIH € CKIHICHHOIO MHOKHHOKO.

Bunnkae muranns: « Yu moorcna sacmocogyeamu timogipuicmes Mizeca, konu npocmip £ eremenmapnux
n00ill € HECKIHYEHHOIO MHONCUHOIO, NPUYOMY {x} € nodicio 3a JOBLIBHOTO X € 7y

[[lo6 BiamoBicTH HA I MUTAHHS, BBAXKATUMEMO, IIO MPOCTIp Q={x,X5,...,X,,...} — 3UACICHHUH, IO
npocTopy mnoaii S Bxomate momii K, ={x;}, ie N, a B 3UHCICHHIH cepii MOCTIIOBHUX BHIPOOYBAHb
OTPUMAHO TaKi Pe3yIbTATH:

® X, € pe3yabTaTOM BHIPOOVBAHb 3 HOMEPaMH nl(l) , Je nl.(l) — Heplui HOMep 3 7-0i MOCHigOBHOI

YCTBIPKH HOMEPIB, TOOTO nl-(l) €{1,5,9,13,...1+4G-1....};
® X, €pe3yapTaroM nepmux 16 BUnpoOyBaHsb, SKIO HOMEPH LMX BHNPOOYBAHb BIAMiHHI BiJ HOMEPIB
1, 5,91 13 (3a axux pe3ynsTar OyB X; ); V KOXKHAX HACTYMHUX 16 BUNPOOYBAaHHAX X, € PE3YIbTATOM

JMIIE OJWH Pa3 1 HOMEP BIANOBIZHOTO BUOPOOYBAHHS €, HANPHKIAA, MCPLIAM HOMEPOM 3
BIAMOBIAHOI INICTHAAUATKA HOMEPIB, BIAMIHHUM BiJ HOMEPIB BUMPOOYBAHHS, B SIKUX PE3YIbTATOM
Oy0 x; (3 TAKHX MIEPUINX HOMEPIB YTBOPIOEThC MHOKMHA {18,34,50,....16/ +2,...});

® X3 € PE3yIBTATOM mepiux 64 BUNPoOYBaHb, SKIIO iX HOMEPH BiAMIHHI Bil HOMEPIB BHIIPOOYBaHb, Y
SAKUX pe3ylpTataMu Oy x; abo x,; V KOKHHUX HACTYIHHX 64 BUIIPOOVBAHHAX X3 € PE3YIBTATOM

JMIIC OOUH Pa3 1 HOMEP BIAMOBIAHOTO BUIPOOYBAHHA € MEPIIUM 3 IUX 64 HOMEPIB, BIAMIHHUM BiJ
HOMEPIB BUOPOOYBaHb, B fAKUX BLAOYIHCA x; ab0 x, (3 TakuX NEPIINX HOMEPIB YTBOPIOETHCH

MHOKHHA {67,131,....64i +3,...});

e B3arajii x; 3a AOBUTBHOTO k € N € pe3yipTaroM nepmux 4% BunpoOyBaHb, SKIIO iX HOMEPU BiAMIHHI
BiJ HOMEPIB BHNPOOYBaHb, y AKHX pe3yibratamu Oymu x;, iel,(k—1); y koxHUX HacTymHUx 4%
BHNPOOYBAHHAX X;, € PE3VJbTATOM JIMIIEC OJHMH pa3 1 HOMEP BIANIOBIAHOTO BUIPOOYBAHHS € MEPLINM
3 mux 4k HOMEpiB, BIAMIHHUM BiJ HOMEPIB BUNPOOYBaHb, B SIKUX Pe3yIbTaTaMu Oy x;, i€l (k—1).

Takum YHWHOM, BCTAaHOBJCHO BIAMOBIAHICTE MIK PE3yNbTaTaMu BHOPOOYBaHb X, 1 HOMEpamMu

(k)

BUNPOOYBaHb #; ', 1€ N, y SKHX Il PE3yJIbTaTH MATH Micue. 3 wLi€i BIANOBITHOCTI BUIUIMBAE, IO IS
KOKHOTO (hikcoBaHOTO i €N 1 OyAb-SKOTO HOMEpa BUMPOOYBaHHSA 7n>2-4' iCHye eIuHHH HOMEp m>2
TAKWH, M0 4 m<n<(m+1)-4".

V BiANOBIAHUX 7 BUIPOOYBAHHAX PE3YMbTAT X, 3 ABUThCA Y mepuiux 4/ BumpoOysannsx m; <4’ pasis, a
B HACTYMHHX n—4' BuUnpoOyBaHHAX aGo (m-1) pasis, abo m pasis (y KoxHiH cepii 3 4 BUIPOOyBaHb X,

3’sBUTHCA jumie oxuH pa3). Omke, abcomTHa uvacTota pe3yaprary x;, (momii {x;}) mopiBHIOE k, (i),

. . . k,@ .
npudomy #y +m—1<k,(@)<m +m. ToMy CTOCOBHO BiAHOCHOI 4acToTH P, (X;)= % 3a10BUIbHAETHCS
. m+m-—1 m+m
HEPIBHICTh ———— < P (x;) < —1— .
(m+D4' m-4

3siacu i 3 HepiBHOCTI m-4' <n<(m+1)4 BUIIMBAE, MO KOMM n—>0, TO i m—>, a TOMY
1 )
P (x,) — — , KOJH 71—>00 , TS KOJKHOTO i€ N .
4

Takum YHHOM, U1 3UHCICHHOTO MPOCTOPY 2={X{,X;,...,X,,...} 1 HAHIIMPIIOrO0 MPOCTOPY moxmid S
NMoOyJOBAHO 3YHCICHHY CEPil0 MOCIIAOBHUX BHIPOOYVBAHb Taky, IO AN OyOb-IKHX MCPIIMX A TaKHX
BUNMPOOYBaHb BU3HAYEHO BiJHOCHY 4acToTy F, (x;) 3a AOBIMBbHUX i€ N, a TOMy BU3HAYE€HO MMOBIpHICHMIA

npoctip (Q2,S,P)), ne N, npuuomy P, ({x;}) - Ll_, KOJIM 11— 00, 33 JOBIIbHUX i € N .
4
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. 1 . - .. . .
Ockinbku P, (x;) ——, KOJM 1 —>0, 33 JOBUIBHKX i€ N, TO AMOBIPHICTD Miseca P(4)= lim P, (4)
4 n—w0

BU3HAUCHA 11 OVAB-AKOi CKIHYCHHOI MHOXHHH (momii) A < Q={x;,xs,....X,,...} Ta OPOTHIECKHOI A0 Hei

momi A4 :
P(A)= lm P, (x;),a P(A)=1-P(A).
x, €A
Omxe, MOBIpHICTS Mi3eca BU3HAYCHA HA CYKYIHOCTI S, IO CKIAJA€THC 3 BCEMOMKIHBUX CKIHYCHHHX
nofiit A c Q, Ta NPOTUICKHUX 10 HUX TOIH A .

o0
3po3ymino, Wo CYKyIHICTh S HE € MPOCTOPOM HOAIN, OCKIIbKU | J{xy; ) €S, a {xy} €Sy 3a AOBiNbHIX
k=1
keN.

Ilepexonaemocs, mo S € MPOCTOPOM MPOCTHX TMOJIH, MOPOKCHHM 3a HAUMPOCTIIIUMH HOIISIMH
BHTIBSIAY {X,} TA {X,.X ,1.....X,4;....}, ne N . Ilepmi a8i yMOBH Takoro mpoctopy ouesummi: QeS i Ae S
3a 1OBLIBHUX A€ .S .

o6 mepesiputu TPeTIO YMOBY, Bi3bMEMO J0BULIbHI MHOXuMHU AeS 1 BeS. Toai moxiusi aBa
BUTIATKH!

1) oOuasi muOXuHU A 1 B CKIHUCHHI;

2) mpuHAKMHI 04Ha 3 MHOKUH A a0 B € MPOTUIICKHOI A0 ACIKOI CKIHICHHOI MO/,

VY Bumnanky 1) muoskuna A|JB ckinuenHa i tomy AUJBeS.

V Bumazky 2) icaye Homep m, s skoro AU B 5{x,,,X,,41.....%;,....; 1 ToMy AUB € IONOBHEHHIM 10
IEAKOI CKIHUCHHOI MHOYKHHH, BHACTLIOK uoro AJBe S .

Takum yrHOM, HMOBIpPHICTE Mi3eca BU3HAMECHA HA MPOCTOPI MPOCTHX MOAINA Sy, M0 HE € MPOCTOPOM

1

o0 o0
ce . .. . 1
o i#, 1 1t IMOBIPHICTB HE € 3UKCICHHO AIUTHBHOO HA S, OCKIIBKH P(Q) =1 Y P(x;) = Z—l = il = % .
i=1 =4 =

3ayBOKUMO TaKOXK, IO AIS MHOXKHHU {X5,X4,...,X2,...; HMOBIpHiICTH Mizeca He icHye, TOOTO

42k

NOCTIAOBHICTE P, ({X3,%4,....X2,,,...}) € po30ikHOw0. Lle BUMIMBAE 3 TOro, IO B PE3yJbTaTi 7= Ta

m = 4%+1 punpobysanp KicTaHEMO aBCOTIOTHI YACTOTH k,({Xy.%4.....X5,... )= =k, ({Xy. X4, ... Xo ) =1, Ta

ki ($0, %4, X0, D= Ky ($00, X4, %05 1) = 1, +1. ToMy T ATIOCITIAOBHOCTI

_ T _mtl 1oy 1
Pn({xz,x4,...,x2n,...})—47 Ta Pm({xz,x4,...,x2n,...})—W—247—1- e

HC MOKyTh 30irarucst 40 ofHiel 1 Tiel camMoi TpaHMI, OCKITBKH 3a TOOYIOBOO “T’;can(xz)>4i2 3a

JOBUIbHUX k€ N .

Omxe, HaBITh TCOPETHYHI 3aCTOCYBAHHA HWMOBIPHOCTI Mizeca OOMEKYIOTBCS JHIIEC MHPOCTOPaMHU
MPOCTUX MOAIN, MPHIOMY, B3aralli KaKy4H, ICHYBaHHS HUMOBIpHOCTI Mi3zeca 1t koxHOI momii {x;}, ke N,
HE TapaHTye ICHYBAaHHS Takol HMOBIPHOCTI Uil KOXKHOI 3uncieHHOl moaii A < {x,x;,...,x,...;. Came Tomy

O3HaYCHHSA HMOBIpHOCTI 32 Mi3ecoM He MOe OYTH JIOTIYHOKO OCHOBOO [ IOOYAOBU CTPYHKOI 1 IOTYKHOI
TEOPii, KOO € CyyacHa Teopis HMOBIPHOCTEH, IO IPYHTYEThCA Ha akciomax A .M. Komvoroposa. Pazom 3
TUM 1 OaraTthOX MNPaKTHYHHX 3aCTOCYBAaHb, KONU MPOCTIP MOAIA € CKIHYCHHUM, o3HaucHHa P. Miseca
MO3K€ OYTH OJHHUM 13 CIIOCOOIB 3aJaHHS WMOBIPHICHUX MIp.

Hesixi BucHOBKH. 3po3ymino, mo o3naucHHA P. Miseca, sk 1 mepeBakHa OLIBINICTD 1HITHX O3HAYCHb
HMOBIPHOCTI, € CyTO TCOPECTUYHHM, OCKIIBKH HA MPaKTHII HEMOMKIHBO HANCBHO CTBEPIKYBATH, IO
CIIOCTEPEIKCHI BITHOCHI YaCTOTH Pn(A) nmanoi momii A micHO 30IraroThesa (UM He 30IraroThCs) OO0 IICBHOTO

qucia p. BiANOBIIHI BUCHOBKH BiOOPAKAKOTH JIUIIC CIIOCTCPEIKEHY TCHACHLIIIO 1 3aB:Kau rimotetudni. Came
TOMY 3a JONIOMOTOK YCIX HMOBIPHICHHX MOJECTCH, IO BHKOPHCTOBVIOTHCS HA MPAKTHLI, MOXHA POOUTH
JMIIC HAOMIKCHI BUCHOBKH OO0 MOK/IMBOI YaCTOTH BIAOYBAHHS PCabHUX BUMAAKOBHX nofii. Jlumme na
MPAKTHULI 3 SICOBYETHCA, HACKINBKH ¢(DEKTHBHOIO € 3aCTOCOBAaHA MOAETD 1 LS €(PCKTUBHICTh MEPCBIPAETHCS
caMme 3a JOMOMOTOK) CTATHCTUYHUX HMOBIPHOCTEH (BIAHOCHHMX HYACTOT) MOCIIIKYBAHUX PCATbHUX MOMIM.
Bpaxosyroun e, v mpoueci HaBYaHHA TeOpii IMOBIPHOCTEH 1 YUHIB CEpeIHIX LKL, 1 MAHOYTHIX BUUTEMIB, 1
CTYACHTIB YCIX 1HIIUX CIICLIaTbHOCTEH Tpeba CHCTEMATHYHO 3BEPTATH VBAry Ha CTATUCTHYHY HMOBIPHICTS,
0e3 KOl Ha MPaKTHLI HEMOXKIIHBO NOOYAyBaTH ¢()eKTHBHY HMOBIPHICHY MOJEIb A Oy Ib-SIKOTO PEATBHOTO
CTOXaCTHIHOTO BHUIIPOOYBAHHSL.
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IcTOpUYHI BigOMOCTI
Haseu «TaybepoBa Teopema» i «TaybepoBi yMOBW» MiWAM Bif iMeHi aBCTPIiICbKOro maremaTuka
Anbthpega Taybepa (1866-1942), sAkuii B 1897 poui [OBIB nepwy TaKy Teopemy [Ans MeToAy
niacymoByBaHHA A6ens-IyaccoHa, CUBLHIWLIOFO 3a MeTof CcepefHix apudmeTuuHux. Moro pesynbTaT
y3arasibHI0BaBCs B Pi3HMX HanpsiMkax 6aratbma mateMaTUKamu.
Tak y 1910 poui aHrnilicekuiAi matematuk [ Xapgi (1877-1947) posiB, WO ymoBa

lim n|xn- xn-i |<+o € TaybepoBol ans MeTofiB Yesapo (mMeTogiB (C, a)), YaCTMHHUM BUMNAAKOM SKUX

(ko1 a =1) € MeTOA CepefHiX apuPmeTUUYHUX (TOO6TO MeTof (C, 1)).
Himeubkunini matemaTuk EgmyHg JlaHgay (1877-1938) y 1910 poui goBiB, wo ymoBy I. Xapgi moxHa
3aMiHUTK cnabkiwor: lim n(xn- xn_f) > - 0.

Y 1924 poui Himeubkuii maTemaTuk Epxapg LUmigT (1876-1959) 3anponoHyBaB e cnabkiwy
TaybepoBy ymoBy lim (Sn- Sm)>0.
i<pM

Tay6epoBi yMOBM AOC/iAKyBaB BifomMuii matemaTuK i negaror Mukona OnekciiioBuny Jasugos (1917 -
1998), Ta iioro yuHi.

Tak, y 1956 poui M.O. [lJaBngoB 3anponoHyBaB HOBUI MeTOJ LOBEAEHHS Ty6epOoBUX TEOPEM - MeTOj
(C)-Touok. TisHiwe B po6oTax yuyHiB M.O. AaBngosa NOHATTA (C)-TOUKM MNOCMILOBHOCTI 6Yy/n0 CYTTEBO
y3arasibHeHo | Le Yy3ara/lbHeHHs MOHATTA Ha 4ectb M.O. [aBugosa 6yno HassaHO .D-Toukorw. Take
y3ara/lbHeHHs [03BOJINM0 3HAYHO CMPOCTUTM AOBEAEHHSA BCiX BifOMUX TaybepoBUX Teopem A/ METOLiB
Ue3apo Ta y3arasibHUTW BCi Ui Teopemu.
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HEKOTOPBIE MPUNNOXEHNA TAYBEPOBUX TEOPEM K 3AKOHY BOJIbWWUNX UACEJ]
M.WN. Xangak, I'. 0. MuxanuvH

AHHOTauusA. B cTaTbe pacCMaTpUBAKTCA OTAEMbHbIE BOMPOCHI OTHOCUTENBHO 3aKOHA GOMbLUMX YMCEN B
TEeopuM BEPOSITHOCTEN, KOPPEKTHOCTM ONPeAeNeHIs NOHSTUS BEPOSTHOCTY CNyyaiiHoro coGbITus.
KntoueBble €l0Ba: CTOXacTUKA, BEPOSITHOCTb, Tay6epoBbl TEOPEMbI.

SOME APPLICATIONS OF TAUBERIAN THEOREMS TO THE LAW OF LARGE NUMBERS
M.l. Zhaldak, G.O. Michalin

Resume. The article deals with separate questions concerning the law of large numbers in the theory of
probabilities, the correctness ofthe definition ofthe concept ofthe probability ofa random event.
Keywords: stochastics, probability, tauber theorem.
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