Kanmak M.1., Muxaniu I'.O., [lekanos C.S.
HaByanHst MAOYTHIX yUMTe/iB MATEMATHKH IHTEIPAJILHOI0 YMCJICHHS
(yHK1ii oHI€I 3MIHHOI 3 BUKOPUCTAHHAM KOMII'IOTEPHHUX 32C00iB MAaTEMaTUKHU

HaBuanus iHTerpaspHOr0 uMCICHHS (QYyHKIIM oAHiel 3MIHHOI Biairpae
BOXJIUBY posib y (GopMmyBaHHI NpodeciiiHOi KyJIbTypyd BUUTEIS MaTEMaTUKU HE
TIJIBKYA TOMY, 110 OJHIE€I0 3 OCHOBHUX 3MICTOBHUX JIIHIN HMIKITBHOTO KypCy MaTeMaTUKH
€ «[Touatku nmudepeHIiaTbHOTO Ta IHTETPATBHOTO YHCIICHHS». 3HAYHO BAKIIUBIIIAM
€ TICHUHM 3B’SI30K 1HTErpajJIbHOTO YUCJICHHS 13 CYYaCHUMU MAaTEeMaTUYHUMU TEOPISIMH:
TEOpi€l0  1HTErpana, Teopielo Mipd, (YHKIIOHAJBHUM aHai30M, TEOpi€lo
UMOBIpHOCTEH, MaTeMaTHU4HOIO 1H(QOpPMATHUKOIO Ta OaraThMa I1HIIUMHU. 3aBASKU
bOMY y TMpOLECI HaBYaHHS MOKHA HE TUIbKM PO3KPUTH MANHOYTHIM YYHUTEISIM
MOTYXHICTh METOJIB 1HTETPAJBbHOTO YHCICHHS, 3alpPOIOHOBAHUX 3aCHOBHUKAMHU
bOTO YHWCJIEHHS IOHAJ TPU CTONITTA TOMY, a ¥ MNPOJAEMOHCTPYBaTH MNOCTIHHUMN
PO3BUTOK Ta yIOCKOHAJIEHHS MaTeMaTHYHUX TEOpid. Pe3ynbTaToM Takoro po3BUTKY
€ CYTTEBE PO3UIMPEHHS MEX 3aCTOCYBaHHS MaTEMaTHUHUX TEOpiid, a pe3yJbTaToM
YIIOCKOHAQJIEHHSI MAaT€MaTUYHHMX TEOpi € 3HayHe PO3IMIMPEHHS Koja JoJeH, fKi
MOXXYTh 3aCTOCOBYBaTHM MaTE€MaTW4HI TEOpil Ha MpaKTHIl: Te, L0 paHime Oyio
JOCTYIIHE JIULIE TeHIsIM, IEPETBOPIOETHCS Y 3BUYANIHY HaBUAJIbHY 3a7ady HIKIIBHOTO
Kypcy MaTeMaTHKH.

B wmiif cTarTti  po3TIANaEThCs  HETPAMUIIMHUNA  MiAXig 70 HaBYAHHS
IHTErpaibHOTO YUCIICHHS (DYHKIIIM 0/HI€T 3MIHHOI MallOYTHIX yYHUTEINIB MAaTEMATHUKH.
HertpanumiitHicte mosisirae 'y 1000p1l HaBYaJIBLHOIO Marepiaqy Ta METOAIB HOro
HOJIaHHS.

B3aemHo o0epHeHi onepaiiii AuQepeHIlitoBaHHs (3HAX0KEHHS MOX1AHOT 1aHO1
(¢yHKLIT) Ta IHTErpyBaHHs (3HAXOHKEHHS MEPBICHOI, TOOTO HEBIAOMOI (YHKIII 3a 1i
BIIOMOIO TOXi/HOI0) Oynu BBeAeHi y 70-x pokax XVII cromitrs 3acHOBHUKaMH
mudepeHiaibHoro Ta iHTerpanbHoro uuciaeHHs . JleiOoninom Tta 1. HeroToHOM.
ToMy, 3rifHO 3 NPUHIUIIOM TEHETHYHOTO TMOJAHHS HaBUYaJIbHOIO MaTepiany,

HaB4YaHHA iHTeI’paJ'ILHOFO YU CJIICHHA I[OLIiJ'IBHO PO3MNOYHNHATH 3 BHUBYCHHSA ITOHATTA



nepsicHoi Ta inmeepana Hviomona — Jleiioniya (a6o NL-iumeepana), ax npupocty

b
MIEPBICHOI MAIHTErPaTbHOT (QYHKITIT: I f(x)dx = F(b)-F(a), A€ F'(x)= f(x), xe[a;b].

a

3ayBa)XMMO, L0 MOHSATTS HEBU3HAUYEHOI'O 1HTETpasia HE BIJAIIPA€ B CydacHIH
MaTeMaTHIIl SKOIiCh CYTTEBOI POJi, a JOCUTh 3HAYHA yBara, Ky 4acTo MPHUIUISIOTH
BUBYCHHIO TeMH «HeBU3HaueHHii iHTerpam, 00yMOBJI€HA MIBUIIIE TPAAULIHHICTIO, a
HE CyTTIO crnpaBu. Ha mpakTumi 3pydyHO KOPHUCTYBATHCS JIMIIE MO3HAYCHHSIM

HEBH3HAYCHOTO 1HTETpaJIa:

jf(x)dx:{xjf(t)duc Ce R},

ne a — (PIKcOBaHA TOYKA JAHOTO INPOMDKKA (a;f), a x — ObLKydYa TOYKA LBOIO

npoMmikka. OTXKe, HesusHaueHut iHmeepal — 1€ MHOXHHA YCIX TEpBICHUX
MIJIHTErpaibHOT (PYHKIIT HAa JaHOMY HPOMDKKY. ToMy, Mepml HIXK TOBOPHUTH IPO
CyMy Ta pI3HMLIO HEBU3HAYEHHUX IHTETpajiB, NOOYTOK CTajlloi Ha HEBU3HAUECHUU
1HTEerpaj, NOXIJHY BlJ HEBU3HAYEHOIO 1HTErpaia, Tpeda Clio4aTKy BBECTH BIANOBIIHI
omepauii Hag MHOXXMHaMU. L{poro Hakanp, SIK IpaBWIIO, HE POOJATH, CTBOPIOIOYU
[IUM CaMHM JIOT14H1 IPOTaJIMHU, SIKI HE BUHUKAIOTh, KOJIM OCHOBHMI HAarojioc poouTu
Ha BHUBYEHHS NL-1HTerpana, a NOTpPIOHI BJIACTHBOCTI HEBHU3HAYEHOrO IHTErpasia
JicTaBaTH, SIK MPOCTI HACIIIJIKK BIJIMMOBIIHUX BIACTUBOCTEH NL -1IHTErpaJa.

Jlnst MallOyTHIX BYMTENIB MAaTEMAaTUKU BaXKIUBICTH NL-1HTETpPaTIB MOJSATAE
TaKOX y TOMY, 1110 BOHU € JOCTYIHIIIMMU JJIsl BUBUEHHS y 3arajJbHOOCBITHIN IIKOJI,
HIXX BU3HA4eH1 iHTerpaiau (tooto iHTerpanu Komri — Pimana), a Mexi 3aCTOCYBaHHS
NL-IHTE€TpaJliB € JOCUTh IMUpOKUMHU. Hemapma mpodeciiiHi  MaTeMaTHKU
BUKOPUCTOBYBAJIM JIMIIE NL-IHTErpajd MPOTArOM JBOX CTOJIThH ax 10 XIX cromirrs,
komu O. Komi 3anponoHyBaB po3risigaTH BHU3HAUEHUM IHTErpaj s[K TPaHULIO
iHTerpanbHoi cyMu, a b. PiMaH po3BUHYB TEOpil0 BU3HAUEHOI'O 1HTErpajia, CyTTEBO
y3araipHeHy A. JleGerom Ha moyaTky XX CTOJITTS.

BpaxoByroun AOCTYHHICTh JUIsi BUBYEHHS 1 MOTYXKHICTb JJisi 3aCTOCYBaHHS
NL-iHTerpana, A. M. KoiMoropoB 3amponoHyBaB BUBYaTH y MIKUIBHOMY KypCi

MaTeMaTUKH HAWMPOCTIIINHI 3 YCiX iHTerpaiiB — NL -inTerpain [1].



OCKIZTbKM 3aCTOCYBaHHS IHTErpaJbHOIO YHCIEHHS TOB’s3aHi, 30Kpema, 3
BIJIIIYKAHHSM HEBIJIOMOTO 3aKOHY PYXY MaTepiajibHOI TOUKH 32 B1JJOMOO IMIBUJIKICTIO
I1€i TOYKW, MPUYOMY PYX TOUKH HE OOOB’S3KOBO MPSAMOJIHIMHUN, TO 3TiHO 3
MPUHIUIIAMY, TOKJIAJACHUMH B  OCHOBY METOJAWYHOI CHUCTEMH HAaBYaHHSA
MaTeMaTUYHOTO aHajizy MauOyTHIX YYUTEIIB MaTeMaTuku [2, c. 12], MOHITTS
MEPBICHOI Ta NL-IHTETpaJia MOKHa BBECTH OJHOYACHO JIsI KOMIUICKCHO3HAYHUX
GYHKITIH K JIACHOT, TaK 1 KOMIUIEKCHOT 3MIHHOI. YMOBa JIiHIAHOT 3B’ SI3HOCTI 00J1aCTi
BU3HauYeHHs (DYHKIIIT rapaHTye, 110 Pi3HI MepBiCcHI i€l PYHKIIIT BIAPI3HIIOTHCS JIUIIE

CTalUM  JOJAaHKOM, a TOMy NL-IHTerpaj, IO BH3HAYa€TbCAd  PIBHICTIO

b
J f(x)dx=F(b)-F(a), HE 3aJIe)KUTh B TOTO, Ky camMe IIEpPBICHY F O0OpaHO s
a

MIIIHTErpanbHOl QYHKIIT f . 3BlACH BUILIUMBAE ghopmyna Hvromona — Jleubniya nis

b
NL -1HTeTpaJa: j f(x)dx=®(b)-d(a), A€ & — JOBLIbHA IMEpPBICHA MiAIHTErPAIbHOI

a

byHKIII.

besnocepennbo 3 O3HauYeHHS NL-IHTErpajiga BUILUIMBAIOTH HOTO HAUnpocmiuii
gnacmugocmi (IPaBUJIO TEPECTAHOBKM MEX I1HTETPyBaHHS, MpO IHTErpail 3
OJTHAKOBUMH HIMKHBOIO Ta BEPXHBOIO MEKAaMH 1HTETPYBaHHS, aJUTHBHA BJIACTUBICTD,
npo TMOXiAHY 1 JaudepeHian NL-IHTerpaja 3 BEpPXHBOI 3MIHHOI MEXKEI0
IHTErpyBaHHS, a TaKOXK BJIACTUBOCTI, MOB’S3aH1 3 OI[IHKOIO MOJYJsI NL-IHTerpaia, 3
JHIAHICTIO, 3aMIHOIO 3MIHHOI Ta IHTETPYyBaHHSAM YaCTUHAMU NL -IHTETpaa.

OckiIbKM HEBU3HAYEHUH I1HTErpasl IMOB’sS3aHUM 3 NL-IHTETPajoM pPIBHICTIO

X X
jf(x)dx:jf(t)dtJrC, TOYHIIIIE Jf(x)dx:{J.f(t)dt+C:CeR}, ac a — (ikcoBaHa, a x —
a a

ODKy4a TOYKH 3 JIHIHHO 3B’A3HO1 MHOKMHH E , HA K1 QYHKIIA f Mae MEepBICHY, TO
3 BJIACTUBOCTEW NL-IHTErpajia 3pa3y BHUIUIMBAIOTH BIANOBIAHI 61acmMusocmi
HeBU3HAYEeH020 iHme2pana, a TaKOX Mabauysi OCHOBHUX HEBUHAYEHUX IHme2panie y
3araJbHOMY BHMAJKYy, KOJM MiAIHTerpaJibHa (PYHKIIS € (PYHKII€0 KOMIUIEKCHOI
3MIHHO].

[Tinkpecaumo, MO HEe KOXKHA eeMeHTapHa (DYHKIIS KOMIUIEKCHOT 3MIHHOT Mae

NEPBICHY Y CBOiil 001acTi BUBHAYEHHS HABIThH TOJI1, KOJIM BOHA € aHATITUYHOIO, TOOTO



Mae HerepepBHy moxigny. Hanpukman, OyHKIIS f(z)=> € aHATITHYHOIO B 06IacTi
z

D=C\ €, MpoTe He Ma€ MepBicCHOI y 11k obnacti. Pasom 3 Tum 15 dyHkuis (1 Oyab-
sKa 1HIIA aHATITHYHA QYHKIS f ) Ma€ MepBiCHY y Oynb-sKiil 0HO3B’ A3HIN 00aCT,

ne GyHKUis f € aHanitMyHO0. Tak, MepBiCHOW0 (YHKIHI f(z)=- B OZHO3B’S3Hiil
z

obmacTi D, =C\#=x:x<0 € @GyHKIOisI F(z)=hz, a B OJHO3B’SI3HIK 00OMacTi

D, =C\ #=x:x>0 TEpPBICHOIO QYHKIIT f(2) :% € QYHKIIA F(z)=In(-z). Y 3B’SI3KY 3 LIUM

BOXJIMBO BKa3yBaTH Yy TaOJMIll OCHOBHUX IHTErpajliB HE TUIbKH TIE€PBICHI
MiIHTerpaibHUX (PYHKIIIHA, a BIAMOBITHI OJHO3B’ sI3H1 00JacCTi, SIKi MEPETBOPIOIOTHCS
y MPOMDKKH JIJIs1 BUTIAJKY (QYHKIIIHM IHCHOT 3MIHHOI.

dopManbHe BUKOpPUCTaHHSA (opmya ab0 KOMIT'IOTEpPHUX 3aco0iB  Jid
0OYMCIIEHHS THTErpajIiB MOXE MPU3BECTH 10 TPYOHX MOMUIIOK.

Ldx 11

Hanpuxman, [%--1ic, o< [®_1 1_3
X X

3
—1-==_2 TOOTO 0<-> 0
2 2 0 M

HEMOKJIHBO.

Axmo s OOYUCIIEHHS OCTaHHBOTO I1HTErpajia CKOPUCTATUCA MPOrPaMOI0
Granl, to mictanemo: 1=1.048E05.

[Ipn cnpobi oOumMcauTH Tl camuil 1HTerpajd 3a JOMOMOTOI IpOorpamu
Maxima:
(%i1) integrate(1/x"2,x,-2,1);
nicTaHeMo Take rmoBijmoMiieHHs: “defint: integral is divergent.”

3a o3HaueHHsAM iHTerpain Herorona — JlelOHina icHye Toal ¥ TUTbKU TOA1, KOJU
MIJIHTErpajibHa (PyHKIIIS Mae MEPBICHY y 3a7aHii obnacTi E, 10 sKOT Hajuexarbh Mexi
IHTerpyBaHHs. 3arajbHa Teopis (QYHKIIA KOMIUIEKCHOT 3MIHHOI J1a€ BIJNOBIAL Ha

TIUTaHHS, Koau Qynkyis |

mae nepgicHy 6 oonacmi E: He0OXITHOIO YMOBOIO IILOTO €
AHATITUYHICTH (TOOTO 1ICHYBaHHS HemepepBHOI moxigHoi) GyHkiii B obmacti E 1 1
YMOBA € JJOCTaTHhOIO y BUTIAJKY OJAHO3B’s13HO1 0o0acTi E. Pasom 3 Tum mist pyHKITii
JHACHOT 3MIHHOI (HABITh KOMIUIEKCHO3HAYHMX) YMOBH 1CHYBaHHS MEPBICHOI HE TakKl
KOPCTKI: JIOCTaTHbO BHMMaraTu, mo0 ¢QyHkuis Oyia HENepepBHOIO Ha 33JaHOMY

NPOMIXKKY, a HaBEJIEH1 BUIIIE MPUKIAAN JOBOATh, IO B 3arAJIbHOMY BHUIIAJIKy YMOBY

HETIEpEepPBHOCTI MOCIA0UTH HE MOKHA.



Jlis noBeneHHsT NL -IHTErPOBHOCTI HEMEPEPBHOI (PYHKIIIT 3pyUYHO BUKOPUCTATU

TaK 3BaHl Jamani (QyHkyii f, 10 HAOyBalOTh 3HAYEHb f(x,) Y 3aJaHUX TOYKaX
X, €[a;b] i a=Xg <X <..< Xy <Xgyq <..<X, =b, @& HA KOXKHOMY BIIPI3KY [X,;X,] f(x) JIHIHHO
3MIHIOETBCA B f(x,) A0 f(X,.,;), TOOTO y BUIIQJAKY AIMCHUX 3HAYEHb f(x,) rpadikom

(GYHKIIT f € JJaMaHa 3 BepIIMHAMHA (x,, f(x,)), k=01...n (Puc. 1).

A
7x)

‘f(xk-v-l) T

Puc. 1.

3a JI0NOMOror TEOMETPUYHMX MIPKYBAaHb JIETKO NEPEKOHATHCS, IO pPOJb
MEPBICHOI AJ1A JaMaHo1 QyHKUII f Biairpae QyHKIis

S(x) ZZE(f(Xi)*‘f(Xm))(Xm‘Xi)+%(f(x)+ fF(X)X=X) y XelXyi Xl k=01...,n-1.
i—0

['eoMeTpUYHO S(x) € IUIOUIEIO 3alITPUXOBAHOTO Ha Puc. | MHOrOKYTHHMKA y BUIIAJKY
f(x)>=0, xe[a;b].

NL -IHTETPOBHICTh JOBIJIBHOI HEMepepBHOI (DYHKIT f(x), xe[a;b], BUILIUBAE 3
TOTO, IO JJIA KOKHOI Takol (PYHKI[li 1CHY€ MOCHIAOBHICT f,(x) JJaMaHUX (PYHKIIIH,
sKa PIBHOMIPHO 30ira€rbCsi OO0 f(x) Ha BIAPI3KY [a;b], LIO TapaHTye 301KHICTH

IOCIIIOBHOCTI F,(x) — mepBicHUX GyHKLiH f,(x) 10 dyrkuii "™, gka e nepicHOO
b

byHkmii f(x). [Ipu mpoMy y BUMaaKy f(x)=0 PIZHUIO F(b)-F(a)= J' f(x)dx TPHUPOITHO
a

Ha3BaTH IUIOLICI0 KPUBOJIHINHOI Tparelii, ooOMexeHoi rpadikom (yHKIi f, BICCIO
OX 1TpSIMUMU x=a Ta x=b.
VY 1upoMy nonsirae eeomempuunuti 3micm NL-iHmeepana 1 Ha 1IbOMY IPYHTY-

€ThCS 3aCTOCYBaHHsI porpaMHoro 3acody Granl myist oGuuciaeHHs NL-1HTerpaiB.

s
Hampuknaz, pe3ynsTaT 00UncIeHHs IHTeTpaia j xsin xdx 3a mornomMororo Granl
-l2

Ta UTIOCTpallisi HOro reoMeTPUYHOr0 3MICTY (pHC. 2) BUTIIAJAI0Th TaK.



IHTerpyBaHHSA
3HayeHHs iHTerpana:

\ A ™, Y (X)=x*sin(x)

I i A=-1.5707963267949,
. . | B=3.14159265358979,
1=4.142

Puc. 2.
3amaya OOYMCIIEHHS HEBHM3HAUEHOTO IHTErpajga (PaKTUYHO 3BOAUTHCS JO
3HAXO)KEHHsI OJAHIEI MEPBICHOI MiAiHTerpanbHol QyHKIIi f. Ponb wiei nmepBicHOT

X
MoOXe BifirpaBatu iHTerpail Heiotona — JlelOHima a(x) = j f(t)dt 3 BEpXHBOIO 3MIHHOIO

a

Mexero iHTerpyBanHs. Came ToMy 3a JOMOMOTOI0 ICHYIOUMX KOMIT FOTEPHUX 3ac00iB
MaTeMaTUKH OTPUMYETHCS BIATOBIAL HAa 3aBAaHHS OOYHCIICHHS HEBH3HAYEHOTO
1HTerpana y BUrJIsil ofiHiel yHKIIT 6€3 cTalloro J0/1aHKa.

Hanpuknaz, pesynbTar OOYMCIEHHS HEBU3HAYEHOTO iHTErpama [xsin xdx 3a

nporpamoio MathCAD BUBOAUTECS B TAKOMY BUTIISII.

jx-sin( x) dx — sin( x) — X - cos(X)

TpanuuiifHo OOYMCIEHHIO HEBU3HAYEHUX IHTErpatiB (YyHKLIA PI3HUX KJIaciB
(patioHaIbHUX 1 JACSKUX IppallloHaBHUX alNreOpaidyHuX Ta TPAHCLECHICHTHUX)
MPUAUISIOTh TOCUTH 3HaYHy yBary. OCKUIbKU Taki OOYMCIICHHS Yy 0araTh0X BUMAJIKaX
€ JOCUTh TpPOMI3AKMMH, TO PO3B’SI3yBaHHS HAaBITh IIIOCTPATUBHUX IPUKIIA/IIB
BUMarae Oarato yacy. ToMy OCHOBHY yBary CiiJi 3BE€pHYTH Ha 3arajbHi MpaBHIia
00YHMCIICHHS HEBU3HAUYCHUX 1HTETPaJIiB.

Tak, micnsi BBEIEHHS MOHATTS €JIE€MEHTapHOro Apo0y 1 3HAXOHKEHHS METO/IIB
O0OYHMCIICHHS TIEPBICHOI JTOBUILHOTO €JIEMEHTAapHOTO APOo0Yy MOXKHA CPOPMYITIOBATH

npasuno 00YUCIEeHHSI HEeBU3HAUEeH020 [Hme2panda OO08LIbHOI payioHanvHoi GyHKYIT

f(2)=P(2)/Q(2)-



SIkmo api® P(z)/Q(z) HENPaBUIBHUN, TO NUIIXOM JUICHHS P(z) Ha Q(z)
BUJUIMTUA Iy YaCTUHY R(z) — JAESIKHN MHOTOWIEH 1 IpOOOBY 4YaCTUHY
P.(2)/Q,(z) — IpaBUIBLHUM JIPi0.

. Po3kimacti MHOTOWIEeH Q;(z) Ha MHOXHHUKUA BUIVIALY (z-c)%, Z€ ¢ —

MONapHO Pi3HI KOPEHi KPaTHOCTI v, MHOTOWICHA Q,(2) .

. .. v o a K
. KoxxHOMY MHOXHHKY (z-c, )" TOCTaBUTH Yy BIAMOBIAHICTD CyMy » ———,
i1 (z—¢y)

k el,

P g AY

. 3anucaty piBHICTb — .
Q(2) T @-c)

. 3BECTU MpaBy YaCTUHY OCTAHHBOI PIBHOCTI JO CIIJIBHOTO 3HAMEHHHKA 1
MPUPIBHATU YUCEIIBHUK 3HAWIEHOTO APOOY 110 P (z).

. BUKOpHCTOBYIOYM yMOBH PIBHOCTI MHOTOYJIEHIB, OOUHUCIUTH HEBU3HAYEHI
koedimientn A® .

. [ligcraBuTtr 3HaiaeHI koedimientn A y piBHICTD 4 Ta MPOIHTErPyBATH

jf(z)dz— jR(z)dz+ZZA<k>j

k=1i=1 (z- C)

P@@)

Skmo s GyHKIIT  f(2) = 0

yc1 Koedili€eHTH P(z) Ta Q(z) MIMCHI, TO

MOXHa MO30yTHUCS YSIBHUX Bnpa3iB [UIIXOM 3JICHEHHSI TIEPETBOPEHb

J’d—t_, IO BiJNOBIJAIOTE Tapi

KOXKHOT TMapH iHTErpasiB j oy

(z- Ck)

B3a€EMHO CHPSDKCHUX KOPEHIB ¢, 1 ¢, .

Jns  peamizamii UpOro MpaBWia MOXKHA 3aJisiTH KOMITIOTEPHI 3aco0u

MaTeMaTHKH, Hanmpukiaa Maxima.

OOuunciumMo 3a joroMoror Maxima iHrerpan j— dz 3T1AHO 3 HAaBEICHUM

Z-‘rZ

BHIIC aJITOPUTMOM.

1. Buainsgemo 111y 4acTUHY:

(%i1) divide(z"4-z-1,2"4+2"2);

(%01) [L-z°-z-1]



2
Takum uuHOM, 221 1 2 4”21.
Z +2Z Z +1Z

2. Po3kinagaeMo Ha KOMIUIEKCHI MHOKHUKA MHOTOYIEH 7% +22:
(%i2) gfactor(z*4+2"2);
(%02) 2%(z - %i)(z +%i)

3, 4. 3anumemo GopMaIbHUN PO3KIA:

(%13) ALl/z"2+A2/z+A3/(z-%i)+A4d/(z+%i)=(z2"2+z+1)/z"2/(z-%i)/(z+%i);

2
(%03) ﬂ+£+ A3_+ A4.: z°+z+1
22z z-%i z+%i  z%(z—%i)(z + %i)

5. 3BeaemMo MpaBy YaCTUHY OCTAHHBOI PIBHOCTI JO CHiJIBHOTO 3HAMEHHHUKA 1
NIPUPIBHAEMO YUCEIIEHUKH
(%i4) multthru(z*2*(z-%i)*(z+%i),%03);
(%05) 2%(z - %i)Ad + 2% (z + %i) A3+ 2(z2 — %i)(z + %i) A2 + (2 — %i)(z + %i) AL = 22 + 7 +1

6. O6unCcIUMO HEBU3HAYEHI KOE(IIIEHTH, MOKJIAIaI0ud B OCTaHHINA PIBHOCTI
2=0, z=i, z=-i Ta z=1 1 pO3B’A3yI0YH BIJMOBIJHY CUCTEMY PIBHSHb:
(%i6) solve([ev(%05,z=0),ev(%05,z=%i),ev(%05,z=-%i),ev(%05,z=1)));

(%07) [[A2=1A4= —%, A3 = —%,Al:l]]

24 -z7-1

7. Tllomamo 3ajaHy MiAIHTErpabHY (QYHKIIO f(z)= y BUIJISIII CyMHU

2t 4z
[IJIOT YaCTUHU Ta €JIEMEHTApHUX JPOOIB 1 MPOIHTETPYEMO Ti:
(%:i8) f:1-1hs(%03),%07;

%08) —— - Lt 1.1,
2(z+%i) 2(z-%i) z z°

(%i9) integrate(%,z);

(%09) log(z + %i) N log(z — %i)
2 2

—log(z)+z+ 1
z
BpaxoBytoun, mo B Maxima uepe3 log MO3HAYAETHCS HATYPAITBHUMA JIorapudM,

3alUIIEeMO BIAIIOBIAb:

dz
7% + 722 2

4 . .
_[Z —z-1 :In(z+l)+In(zz_l)—lnz+z+1+C, CecC,
z

npudoMy zeC\({z:z=x<0p{z:z+i=x<0p{z:z-i=x<0}) (puc. 3), NpoTe BCTAHOBUTH

OCTaHHE MOYKHA JIUIIIE 3a IOTIOMOTOI0 TEOPETHYHHX MipKyBaHb, a He CKM [4].



Puc. 3.

8. OckisbKkH KOe(IIIEHTH YHCETbHUKA 1 3HAMEHHUKA IMiIIHTErpaTbHOI PYHKIIIT
JHCHI, TO B i1 HEBU3HAYEHOMY IHTETpayi MOXHaA MO30yTHCSA YSBHUX BHUpasiB. Y
JaHOMY BUNAJAKYy 3HailieMO CyMy JABOX JorapumiB, siKi MICTSATh YABHI BUpPa3H.
dopmalibHO 1€ MO’KHA 3poOHTH 3a goromororo Maxima:

(%i10) logcontract(log(z+%i)+log(z-%i)),expand;
(%010) log(z% +1)

. . 4_ [a— .
IIpy oMy BIANOBIAL HAOyJE BUTIALY. Z—Z1o|z=1|n(z2+1)—|nz+z+1+c 1 04
y y y i 2 > .

PIBHICTB Oy/ie MPaBUIBHOIO IS ze C\({z:z=x<0}{z:z=ly, ne | y|>1}) (pHuc. 4).

Puc. 4.

Memoou inmeepyeanHs OeaKuUx KIACi8 IppayioHaAIbHUX aneedpaiuHux ma

mpaHcyeHOeHmHux GyHKyii TOULTBHO TOAaTH y BUTIISLAL Tabmuik 1 Ta 2.

Tabmns 1
DyHKIIS JlolaTKOB1 YMOBU MO>KJIMBHI METOJ] IHTErpyBaHHs
f(X)=R(U1,U2,...,Ur), ad-bc=0, meeZ, n.eN HiI[CTaHOBKa: ax+b =tP’ e
m vk =12,...T cx+d
0 :[ax+bjnk k=121 p = HCK(n;,n,,...,n,)
cx+d
f(x)=x"(a+bx")" ab=0, m, n1peQ. [TincranoBku Yebumona:
DyHKIIA f 1) x=t*, ge k — cIiabHUI

3HAMEHHHUK m 1 n;

IHTErpyETHCS B
2) a+bx" =t°, I s — 3HAMECHHUK

CKIHUCHHOMY BUTJISAII
TOM ¥ TUIBKH TOI, KOJH | P>

BUKOHYEThCS X04a 0 3) a+bx"=t°x", e s —
oJHa 3 yMOB: 1) pez, 2) | 3HAMEHHUK p;,




m+l_2 a6o
n

3) m—+1+peZ
n

f(X) = R(x,Vax? +bx+c)

IHTEpBAI (o; B) , AJIS

xe(a; B)

a=0, b?—4ac+0 Ta ICHy€

SIKOTO ax? +bx+c¢ >0, KOJIM

[TincranoBku Efinepa:

1) Vax? +bx+c =t—+/ax, KOJIK a>0;
2) VJax? +bx+c = xt—+Jc , KOJIH a<0
1 c>0,

3) Vax? +bx+c =t(x—x,) , KOJTH X, —

OJIUH 3 TIMCHUX KOPEHIB
TPUWICHA ax® +bx+cC;

Taomung 2

DyHKITIS

JlonaTkoB1 yMOBU

MOo>KIMBUI METOJ] IHTETPYBaHHS

f(x) = P(x)p(x)

P(x) — MHOTOWIEH, ¢(x) —
e e® abo cosax, @00 sin ax

[HTErpYyBaHHs YaCTUHAMM:
u=P(x), dv=g(xX)dx

P(x) — MHOTOWIEH, ¢(x) —
11€ Inx abo arcsin ax, a00
arccosax , 00 arctgax , 200

IHTCI"pYBaHHH JYaCTHUHaAMMU:
u="P(X), dv=gp(x)dx

arcctg ax
f(x) = R(e™) a=0 [TimcraHoBKa: e =t
f(x) =R(sin ax,cosax) = | a =0 VYHiBepcaibHa MiJICTAHOBKA:

LG g -t

f (X) = R(sin ax, cos ax) R(-u,v) =-R(u,v), a=0 ITimcTaHoBKa: cosax =t

f(X) = R(sin ax, cos ax) R(u,~v) =—R(u,v), a=0 ITimcTaHoBKa: sinax=t

f(x) = R(sin ax, cosax) R(-u,—~v) =R(u,v), a=0 ITimcTaHOBKH: tgax =t 200 ctgax =t
f(x) =sin" x,cos* x) v 1 x4 pamioHanbHi, ane He | [ligcTaHoBKa: sin? x =t

€ OJTHOYACHO I[IJIMMU

f(X) =a()B(x)

a(x) — 1€ cosax @00 sin ax
B(X) — 1€ cosbx a0 sinbx,
a0, b=0

ITeperBOopuTH TOOYTOK o(X)A(X) HA
CyMy, HAITPUKJIA];

sin axcoshx = %(sin(a+b)x+ +sin(a—b)x) 1

T. 1H.

f(X) =a()B(x)

a(x) — e e, p(x) —1e
cosbx @00 sinbx, a=0, b=0

JIBiul 3acTOCYBaTH 1HTETPYyBaHHS
YaCTUHAMU, KO)KHOTO pazy
IMO3HAYaI04YH u =e*

3Bepratoun yBary Ha MpoOjeMy IHTETpyBaHHS y CKIHYEHHOMY BUIJISL,

JOIIILHO TIJIKPECIUTH, 10 y CY4YacHi mMaTeMaTHIll HeelleMeHTapHi (yHKIT (a ix

3HAYHO OUIbINE, HDK €JIEMEHTApHUX) BIAIrpaloTh HAJ3BUYANHO BAXKJIHUBY pOJIb, a

BUKOPUCTAaHHSI CYyYaCHHMX KOMITI IOTEPHUX 3aCc00IB MaTeMaTWKH B3arajil HIBEIO€
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BIIMIHHOCT1 MIXK €JIEMEHTapHUMHU Ta HEEJIEMEHTAPHUMH (PYHKIIISIMH, OCKIIBKHU 32 1X
JIOTIOMOTOF0 MO>KHA HIBUJKO 1 JIETKO ONEpPYBaTH fK i3 3BUYAHUM CHHYCOM, TaK i 3
IHTerpaJIbHUM, SIK 3 (paKTopiajlaMH, TaK 1 3 raMa-QyHKIII€O, K 3 €KCIIOHEHTO0, TakK 1
3 (pynukiero Jlammaca Toro.

[MpoimocTpyemo mMoxmBocTi 3actocyBanHss CKM Maxima npu iHTerpyBaHHi
ippamioHanbHuX (PyHKIIA. JIOCHTh MUPOKHUI MiKIAC IHTETpalliB MOKHA OOYUCITUTH
Oe3nocepeIHbO 3a KoMaH 1010 integrate. Hampukian,

(%i1) 'integrate(sqrt(x)/(2+sqrt(x)),x);

(%01)

I Jx dx

Jx+2

(%i2) %,nouns;

(%02) —8(/x +2)+(/x +2)2 +8log(Vx +2)

Pazom 3 TuM wyacto moAiOHI iHTErpaiu Oe3MOCepeHhO OOYMCIUTH HE

BJA€THCA:

(%i3) integrate(((x+1)"2/(x-1)"5)™(1/3),X):

(%03) j<x+1>5,3 dx

VY TakoMy BUIIQJKY AOLULIBHO 3pOOUTH 3aMiHY 3MIHHOI:

(%i4) changevar(%,(x+1)/(x-1)=t"3,t,X);
(%04) -3 jt;__l dt

(%i5) %,nouns,expand,;

3t?

(%05) M J3a tan[ log(t — 1)——

3+3)
[ToBepHEMOCH /10 TIOTIEPETHBOT 3MIHHOT
(%i6) %,t=((x+1)/(x-1))(1/3);

(x+1)22  (x+1Y3

(%06) g((x—l)y3 (x-¥* +1J _ Jatan MJF b (x+1)*?3 i _3(x+1*®
2 \/—(X 1)1/3 \/5 9 (X_l)l/S 2(X_1)2/3

Merton iHTerpyBaHHS YaCTMHAMH MOXKHA peanidyBaTH y cuctemi Maxima 3a
JOTIOMOT'O¥0 KOMaH/IH
byparts1(x,u,dv):=(dv:integrate(dv,x),u*dv-’integrate(dv*rat(diff(u,x)),x)),

Ky JOIUIbHO 30epertu y daiimi bypartl.mac ajist moaaibliioro BUKOPUCTaHHS.
11



Hanpuknan, cipoOyeMo 00UMCTUTH 1HTErpal
(%:i7) 'integrate(log(x+sqrt(1+x”"2)),x);
(%07) [log(v/x? +1+ x)dx
(%i8) %,nouns;

(%08) —J. X dx + Xlog(vx? +1 + X) +atan(x) — X
X

(x2+0)%2 43 +

3po3yMiJio, IO Taka BIAMNOBIIb HEKOPEKTHA. 3aCTOCYEMO TETEp METOJ IHTETPyBaHHs
YaCTHHAMH:

(%i9) load(bypart1)$

(%i10) byparts1(x,log(x+sqrt(1+x"2)),1);

(%010) xlog(vx? +1+x) - j\/ﬁ dx

(%i11) %,nouns;
(%Oll) xlog(\/x2—+1+x)—\/x2—+l

Bukopucranus CKM MathCAD mnamae 7A€o CKPOMHIIII MOKIMBOCTI
OoOYMCIICHHS HEBU3HAYCHHMX IHTErpaiiB, HDK cucreMu Maxima. Tomy s
OOYMCIICHHS CKJIAIHIIIUX 1HTErpaliB JIOBOJUTHCS 4YaCTIIIE 3aCTOCOBYBAaTH METO]]
3aMiHU 3MiHHOI. Po3risiHemMo, sk peanizyBaTv el METOJl Ha MPUKIaal OOYUCIICHHS

inTerpana [xarctgv/x dx.

1. 3agaemo (yHKIIIO, IKY TOTPIOHO MPOIHTErPYBATH:

f(x)::\/;atan\/;.

2. 3amaemo (GYHKIIIO x=g(t), BBOAIYH HOBY 3MIHHY, Ta OOEpHEHY N0 Hei
byskiio t=h(x). [Ipu Bigmykandi nux (yHKIIH MOXXHA Ha OKpEMOMY poOOYOMY
apKyIili CKOPUCTATUCS KOMaHI010 solve.

g(t) =t h(x) = VX .

3. OkpeMo 00uYHCITIOEMO HOBY MiAiHTErpanbHy (pyHkmio fit). Lle podutscs
JUTSL TOTO, 00 1M00aunTH i, @ OCHOBHE — 10O CIIPOCTUTH Tiepe] IHTerpyBaHHsIM. bes
CIPOILIYBaHHs 1HTerpan 3a3Buyail He oOumcitoeTbes. Kpim komanau simplify s
OUIBIIIOTO  CHPOIIEHHS JOIIJILHO 3aJaBaTh TIeBHI OOMEXKEHHS Ha 3MIHHY 3a

moroMoror komaunau assume. I1[o0 omHouacHO 3amatv IBI KOMaHAU, X BBOISATH
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OJIHY 32 OJIHOIO, BHOMpArO4H 3 CUMBOJILHOT MaHe i, abo komOiHamiero kiaim [Ctrl +

Shift + D 1 BIUCYIOUU B TOPO’KHI KBaAPATHUKU MOTPIOHI CIOBA.

assume, t>0

fA(t) == f(g(t) % g(t)|simp"fy — 2-t? -atan(t) .

4. 3Hax0AMMO TIEPBICHY G(t) BITHOCHO HOBOI 3MIHHOI t 1 CIIPOIIYEMO Ti:

asume,t>0  In(t? +1) t2  2-t3-atan(t)
b

G(t)= | f1(t) dt
() I () simplify 3 3 3

5. TloBepTaeMoch /10 MOMEPEIHHOI 3MIHHOI x 1 3HAXOJAMMO IITyKaHy IMEpPBICHY

F(x) .

3
In(x +1) X, 2-x2 -atan(+/x)
3 3 3 '

F(x) := G(h(x)) simplify —>

AHQJIOTIYHO MOXKHa CTBOPUTH PpOOOYMI apKyIml g peajizaiii MeToxy
IHTErpyBaHHS YaCTUHAMU.

Jo XIX cToiTTi 0CHOBHOIO (hOpMYJIOI0 OOUYUCIIEHHS 1HTerpaia 0yna gpopmyna

b
Hrrotona — Jleitbuina, ToOTO mij iHTErpaIom I f(x)dx MaTEMATUKH IO CyT1 PO3yMiIH

a

iHTerpan Hetotona — JleiOnina. ¥V 1823 poui O. Ko BUABUB, 110 AJI1 HENEPEPBHOI

b
byHKIIT f(x), xel[ab], 1HTErpai f f(x)dx MOYXHa SK 3aBroJHO J00pe HaOIU3HUTH

a

IHTETPAIbBHUMHU cyMamu BUTJISILY b-a > fa+ b-ay, TOOTO
n n

b n-1

J' f (x)dx = lim uz fa+2=2%) i ocramHIO pIBHICTH MOJKHA BBa)KaTH O3HAYCHHSIM
n n

a k=0

n—o0

b
1HTerpana I f(x)dx JIJIs HeTIepepBHOI PYHKINT f(x), x e[a;b].

a

VY 1853 poui b. Piman y3aransaus igero O. Komi 1 3anponoHyBaB 03HaYEHHS

b n-1
IHTErpaia j f(x)dx SK IPaHUIl 3arajbHIIIOl IHTETPAIbHOI CYMHM BULTIALY > f(x)AX, ,
a k=0

TE a=Xg <Xy <. <Xy <Xpyg <o <Xy =Dy A =Xeog — Xy X € [XeiXea] 1 mex Ax, —0. b. Piman Ta
0<k<n-1

1HIITI MaTeMaTWKW JOCHIIUIM THUTAHHS ICHYBaHHSA 1HTerpanga (SKUil Ha YecTb
b. Pimana 3apa3 Ha3uBawTh iHmezpaiom Pimana abo R-inmeepanom) 1 BUSBUIOCH,
[0 yMOBa HEMEPEPBHOCTI 30BCIM HE € O0OB’SI3KOBOIO JIJIsl ICHYBaHHSI R -1HTErpara.

BaxnuBo numie, mo6 ¢yskiis f Oyna oOMEXKEHOI Ha BIAPI3KY [ab], @ TOUKH
13



po3puBy 1mi€i (QyHKIIi MokHa OylI0 TOKPUTH CKIHYCHHOI ab0 3YHCICHHOIO
KUIBKICTIO IHT€pPBAJIIB, CyMa JOBXKHUH SKUX € SIK 3aBroJIHO MaJioro. A. Jleber q0BiB, 1110
111 YMOBHU € HEOOX1JHUMU 1 TOCTATHIMHM JIJI ICHYBaHHS R -1HTErpa’a.

Takox BHSBISETHCSA, IO 3arajlbHa Teopis R-IHTeTpajsa HE € Habaratro
CKJIQJIHIIIOK 3a TEOopilo I1HTerpajga Big HenepepBHOi ¢yHKIII. ToMy Kypc
IHTErpaJIbHOTO YHCIEHHS Ui MaiOyTHIX BYHUTENIB MaTeMaTUKH MOBHHEH OyTu
OJIM3BKUM 10 Cy4acHOi Teopii iHTerpama, TBopisiMu sikoi Oymu O. Komri, b. Piman,
A. JleGer Ta 6arato iHmux mMateMaTukiB XIX-XX cTomiTTs.

[Tonsitra inTerpanbHoi cymu Pimana Ta 11 rpanumi (SKy Ha3WBalOTh R -
IHTerpajoM), KOJU JpiOHICTh TOAUTY MOPSAMYE 10 HYJS, 3pYYHO UIIOCTPYBaTH 3a
JIOTIOMOTOF0 CYYaCHHUX KOMIT FOTepHHUX 3ac00iB MaTematuku, Hanpukian MathCAD.

CtBopuMO pobounid apkym, o0 MNpPOUTIOCTPYBATH CYTHICTh HOHSTTS R -
1HTEerpajga 1 reOMETPUYHUN 3MICT IHTETPAIbHUX CYM Ta R -iHTerpana. st npukiasy
po3rsiHeMO (QYHKINIO f(x) = x(1+sin x) Ha BIAPI3KY [a;b] =[0;37]. L{el BiIp130K MOALIUMO
Ha n pIBHUX YacTUH TOYKAMH x,, @ NPOMDKHHUMH TOYKAMHU ¢, BBaKaTUMEMO
CEpEeIUHHI TOYKHU BIJIPI3KIB MOALTY.

f(X) = x- (@ +sin( x)) a=0 b=3-7 n=6 k:=0.n

Ax(K) = x(k +1) — x(K)

x(k) :=a+|<.b;na c(K) :Zw

5::|S(nILI|-100

n-1 b
S(n) = € (c(k))- Ax(k) |:ﬁumx
k=0 a

[ToOyayBaBIIM IHTETPATBHY CyMY S(n), OOYUCITUMO 1i 3HAYECHHSI 1 TOPIBHAEMO 3
TOYHUM (y MeXax 3aJaHOi TOYHOCTI) 3HAYEHHAM IHTerpajia | Ta OOYHUCIUMO
BIIHOCHY MOXUOKY & (%) HaOIMKEHOI PIBHOCTI S(n)~ I .

S(n)—=54.882  1=53838  5=1938

[To6ynyeMo pucyHok (puc. 5), BBIBIIM Ha OCi OpaAMHAT f(c(k)), f(t), @ Ha OCi

abcuuc c(k), t 13aJaBIId Y YOPHUX KBaJpaTUKaX MEXI1 a Ta b JJIsl 3MIHHOT ¢ .
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TeoMeTpIMEYE 2 M CT 1 HTEMpANA TA IHTECPATEHOT CF ME

15558

k)]
L

a okl .t b

Puc. 5.

[ITo6 rpadik cTaB TakuMm, SIK Ha JAHOMY PUCYHKY, MOTpiOHO: 1) yBiiTH 10 HOTO
KOHTEKCTHOIO MEHIo, 2) BuOpatu “@opmaryBanss...”, 3) Ha Briagum “Oct X-Y”
MO3HIMATH BCI TAJIOYKU ¥ BUOpATH CTUJIb OCEH “II0 MEPETUHAIOThCS, 4) Ha BKIJIAJIII
“I"'pacdbiku’™ 3a7aTH TUIT TIEPIIOT JIHIT “TIaHeIb 3alI0BHEHb , & TaK0K BHOpaTu OakaHi
KOJIp 1 TOBIUMHY JI1HII; 5) Ha BKaaAml “Tlianucu’ 3agaTi 3arojJOBOK MallOHKA.

3a 10MOMOr0I0 CTBOPEHOTO BUIIIE POOOUYOro apKyllla MOXKHA MPOLTIOCTPYBATH,
SK 3pOCTa€ TOYHICTh HAONMKEHHS S(n) J0 | mpu 30uUIblieHH] n. Tak, MOKJIaBIIA
n:=25, IicTaHemMo (puc. 6):

S(n) =53.926 | =53.838 0 =0.163
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15856,

fick))
i |

a A h

Puc. 6.
O4eBUHO, HACKUIBKH TOYHIIIMM CTAaJI0 HAOIM>KEHHS MpHU JApiOHimoMy moaut. Tak
caMO JIETKO MOKHa 3MIHHUTH BIJIPI30K [a;b] UM HAaBITH (YHKIIO f(x) 1 MHUTTEBO
no0auYnuTH pe3yIbTaTH.

HaBengemo 1mie ogHy utocTpaiito, siky MoxHa BukoHatd B MathCAD, — ne
oOuucieHHs iHTerpaja PimaHa sk TpaHUIll IHTETpaJbHOI CyMU Ta TMOPIBHSAHHS 3
TOYHUM 3HAYCHHSIM.

[Ilo6 HOMep n MokHa OyJ0 CHPSMOBYBAaTH J0 HECKIHUEHHOCTI, Tpeda Horo
3pOOUTH BUIBHOIO 3MIHHOIO. TOMYy BHECEMO MOTPIOHI 3MiHH y TIoniepeaHi Gopmymu i
CTBOPHMO HOBHI apKyIl.

f(x):=x-([@+sin(x)) a=0 b=3-7

x(k,n) :=a+k-b_Ta c(k,n) = X(k'”)+;(k +1,n)

Ax(k,n) == x(k +1,n) — x(k, n) S(n) = nz_f € (c(k,n)) - Ax(k, n):
k=0

3-7-(3-1+2)
2

37-(3-7+2)

lim S(n)simplify —
N—> 2

t]f(x)dx—>

HaBeneni imocTpariii po3KpUBAIOTH CYmMHICMb R -iHme2pana 5K epanuyi

IHme2panvbHoi cymu: R-THTETpal — II€ YUCIO |, JJI SKOTO MpaBWIbHA HAOIIMKEHA

n-1
PIBHICTB Y f(x)AX, ~ |, IPHYOMY aOCOJIIOTHY IOXHOKY HaONMKEHHA MOKHA 3pOOUTH
k=0

SK 3aBrOJIHO MAJIOIO, SIKIIO APiOHICTh MOAULTY T (SKOK € YUCIO A(T)= mex A% )
0<k<n-1
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BUOpatu nocuth Manoto. I[lpu 1mpomy BHOIp MPOMDKHUX TOYOK X €[X ;%] HE
MOBMHEH BIUIMBATH HAa TOYHICTh HaOmmwkeHHs. [ligkpecnmmo, mo y MareMmartwini
Hacamrepes CJIijI 3BepTaTH yBary Ha CyTHICTh MaTEMaTHYHUX MOHSTH, 1 JIUIIE TiCIIs
TOTO, SIK BOHA CTa€ 3pO3YMIJIOI0, MOKHAa OMAHOBYBAaTH (OpMasibHI O3HAUEHHS 1
MOB’sI3aH1 3 HUM TBEP/IKCHHSI.

Tax, HampuKIaa, BUXOASIYM 13 CYTHOCTI TMOHATTS R -IHTErpana, MOXKHa JIETKO
JIOBECTH, 1110 HeOOMekeHa (DYHKIIIsE HE MOXe OyTH R -IHTETPOBHOIO, & TAKOK KPUTEPii
R -IHTETPOBHOCTI.

JiticHo, skmo QyHKINA f HeoOMeXeHa Ha BIAPI3KY [a; b], TO ISl OyAb-IKOTO

o1ty (T ) IbOTO BipPi3Ka TOYKAMH a=X, < ¥ <..<X, =b MOJIYJb IHTETPAIBHOI CyMH
n-1 N .
> f(x%)A%, MOXHA 3pOOMTH SK 3aBIOJHO BEJIMKHMM 33 PAaXyHOK CIIEL[iaJIbHOIO BMOOPY
k=0
ONHi€T TIPOMDKHOT TOUKHU X;, €[X, ;X 1] ¢ IIHO TOUKY BUOMPAIOTE TaK, MO0 |f (x,)Ax, | OyB
OUTBIIMM 32 MOJIYJIb BCIX IHIIHUX JIOJAHKIB Ha BEJIUYUHY 1/A(T)— +w, KOJU A(T)—0.
. . n-1
Tomy iHTerpaspHi CyMH Y f(x)Ax, HE MOXYTb OyTH SK 3aBrOJHO JOOpPHMHU
k=0
HaOIMKEHHSIMH OyAb-SKOTr0 yucia |, ToOTo QyHKLIS f HE € R -IHTETPOBHOIO.
AHAJIOTIYHO, CYTHICTh KOXHOTO KPHUTEPIsl R -IHTETPOBHOCTI MOJIATAE Yy TOMY,
10 ycCi 1HTEerpaibHI CyMH JaHOI OOMEXKEHOCTI (QYyHKIli, a TOMy ¥ “HaiimeHmia” Ta
“HaiiOLIbIIa” 1HTErpajbHl CYMH IOBHHHI $K 3aBrOJIHO MaJl0 BIAPI3HATUCA BIJ
MEBHOTO YHMCJa, @ TOMY ¥ OJIHA BijJ OJIHO1, KOJU MPIOHICTh MOAUTY T TOCHUThH Maja.
Ponp “HaiimeHmioi” 1 “HailOuIbIIOI” 1HTErpalibHUX CyM Bigirpaioth cymu JlapOy:
HIDKHS — S,(T) Ta BepxHA — S*(T). OTxke, yMoBa S*(T)-S,(T) >0 € HEOOXiHOW M
JIOCTaTHBOIO JIJISl R -IHTETPOBHOCTI OOMEKEHOT (PYHKITII.

Cepen kpuTepiiB R -IHTETPOBHOCTI OCOOJMBE MiICII€ TOCITalOTh Ti, SKi
NoB’s13aH1 3 (HIKCOBAHOK TOCIIIOBHICTIO MOJUIIB BiAPI3Ka [a;b], IJIs SIKOT A(T,) —»0
(N —> ).

Haragaemo, mo O. Komni po3rismaB jumie momaia (T,) Biapi3ka [ab] HA n

PIBHHX BiJIpI3KiB TOUKAMU X, = a+2=% K k=0,1..n.
n
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3ragaHi KpuTepii CTBEPIKYIOTh, 110 KOJH JIJIS OJHIET TIOCITIIOBHOCTI (T,), JJIs
SKOT A(T,) >0, (n—> ), IHTETPAIBbHI CyMH S$(T,) IPAMYIOTh JI0 YUCHIA | , KOJTH n— 0, TO
IHTErpajibHl CYMHU S(T;) MPSAMYIOTH JO0 I[LOTO CaMOT0 YMcla | JJis OyIb-gKOi 1HIIO]
MOCTIIOBHOCTI (T,") MOJLIIB BIJIPi3Ka [a;b], A0 TIIBKHA A(T,) -0, n—>w.

[e#t daxT mae BenMKe MPaKTUYHE 3HAYEHHS, OCKIJIBKUA JTO3BOJISIE HA MPAKTHII
BUOMpATH TaKy TMOCTIIOBHICTh TMOALUIIB, sKa € 3pY4YHOIO I OOYHCICHHS
IHTErpajibHUX CyM 1 3HAaXOJKEHHS TPaHUIll 1HTerpaibHUX cyMm. Hampukiaa, MoxxkHa
JUIUTH BIAPI30K [a;b] HA n PIBHUX BIAPI3KIB, SIK 1€ poOuB cBoro yacy O. Kormi.

Omxe ¢ikcyBatu crocié moainy (T,), MOXHa HaBITh TOM1, KOJU HEBIIOMO, R -
iHTerpoBHa (QyHKUIA f, 9y Hi. Ha BiamiHy Big 1mporo (hikcyBaTH crocid BHOOpPY
MPOMDKHUX TOYOK MOXKHA JIUIIE TOJl, KOJM BIIOMO, M0 (YyHKIIS f € R-
IHTErPOBHOIO HA BIAPI3KY [a;b]. TOMY BOXXJIUBUMHM JJIA NMPAKTUKU € JOCTATHI YMOBHU
R-iHTerpoBHOCTI 0OMEXeHOi (YHKII, cepel SIKUX BHUAUIMMO YMOBY, 3a SIKOIO
MHONCUHA MOYOK pO3PU8Y € He Oilbul HINC 3YUCIEHHOI0, SIKY 3aJ0BOJIBHAIOTH 1
HernepepBHi (QYHKINT, 1 MOHOTOHHI, 1 TEpeBa)kHa OUIBIIICTh IHIUX (GYHKIINA, 10
3yCTPIYalOThCS HA MPAKTHIIL.

JlocuTh 4acToO BJIACTUBOCTI R -1HTErpaja (pOpMyIIIOIOTh 1 JOBOAATH JUIIE IS
HeTrepepBHUX (YHKINN, KOJM BIAMOBIJHI TBEPKEHHS Maike OYeBHAHI, a iX
JOBEJICHHS Maibke TpuBianbHi. Bunagok HenepepBHUX (YHKIIH JTOLIIBHO
BUKOPUCTOBYBATH HJisi “BIIKPUTTS BIAMOBIAHOI BIACTUBOCTI, BUKOPHUCTOBYIOUU
FCOMETPUYHUN Ta IHINI 3MICTH R-iHTerpajia. A JOBEACHHS “BIAKPUTHX
BJIACTUBOCTEN Oa)kaHO NTPOBOJUTH JIS JTOBUIBHHUX R -1HTErpoBHUX GyHKUik. L
JIOBEICHHSI HETPUBIANbHI, TPOTE IUJIKOM JOCTYIHI MalOYTHIM yYUTEJSIM 1 pa3oM 3
THUM CYTT€EBO CHPUSAIOTh POPMYBAHHIO IXHbOI MATEMAaTUYHOI KYJIBTYPH.

V¢l BIacTUBOCTI R -1HTErpaja MOKHA MOAUIATHA HA TPU TPYIIH:

® HaWMpOCTIMI, SKi BUIJTUBAIOTH OE3MOCEPENHBO 3 O3HAUEHHS R -iHTerpana. Lle
BJIACTUBOCTI MpO R-IHTErpajg BiA cTaloi (yHKIi, Npo JIIHIAHICTE R -
1HTEerpasna, Mpo MOHOTOHHICTh R -IHTErpajia 1 HACIIIKHA 3 HUX — TEOPEMHU PO

CEPEIIHE;
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® BJACTHMBOCTI, 1[0 BUIUIMBAIOTH 3 KPUTEPIiB R -IHTErpOBHOCTI. Lle BIacTUBICTH
PO R -IHTETPOBHICTh MOAYJsA 1 A00YTKY (yHKIIN Ta HepiBHICTH Komr —
ByHsIKOBCBKOTO, MTPO aUTUBHICTh R -1IHTErpajia 1 BIACTUBICTh MPO MOYJICHHE
R -IHTETpyBaHHS (YHKIIOHAJIBHOTO PAMY, KA € CYTTEBUM Yy3arajbHEHHSIM
BJIACTUBOCTI JIIHIHHOCTI R -1HTErpasa,

® BJIIACTUBOCTI IHTErpaja 3 BEPXHHOI 3MIHHOIO MEXEH I1HTerpyBaHHS 1
HACNIIJKU 3 HUX — y3araabHeHa (opmyna Herorona—Jleitbnina 1 Gopmymnu
3aMiHM 3MIHHOI Ta IHTETPYBaHHS YaCTUHAMHU.

VYci BIacTUBOCTI R -IHTETpasia 3py4yHO UTIOCTPYBATH 3a JIOMOMOTOI0 CY4acCHHX
KOMIT FOTEpHUX 3aco0iB MaTeMaTHKH, 3BEpTAal0ud OCOONMBY yBary Ha Te, IO
(opManbHE BHUKOPUCTAHHS HAaBITh HaMIOCKOHAJIIIIONO KOMII IOTEPHOIO 3aco0y
MaTEeMaTHKH MOXKE TPHU3BECTH 1O TpyOMX TOMIIOK. ToMy JUIIEe 3HaHHSA
TEOPETUYHOTO Marepiagy 1 BMIHHA BUKOPUCTOBYBaTH LI 3HAHHS MOXYTb
rapaHTyBaTH 3HAaxXOJ/UKEHHS IIYKaHOTO pO3B’S3Ky 3ajadl  3a  JIONOMOTIOIO
KOMIIT FOTEPHHUX 3aC001B MAaTEMATHKHU YU O€3 11€1 I0TTOMOTH.

HaBenemo nesiki nmpukiaau 3aCcTOCyBaHb KOMIT FOTEPHUX 3acO0IB MaTeMaTUKU
IpYU BUBUEHHI BIACTUBOCTEH R -1HTErpana.

[Iporpamy Granl MoXHa BUKOPUCTaTH [JIsl UIFOCTPYBAHHS OCHOBHHUX
BJIACTUBOCTEH 1HTerpasna Pimana. Tak, miHIAHY BJACTUBICTh MOXKHA LITIOCTPYBATH TIPH
pO3B’s3yBaHHI1 HACTYIHOI 3a/1a4l.

3apava. Jlano ieypu @, ={(x, y):XG[—l;Z],OsysT‘X‘} I @, ={(xy):xe[-12],
0<y<3-27My. Hlompibno 306pazumu yi @izypu Ha 0OHOMY PUCYHKY, 3HAUIMU NIOW S,
ma S, yux @ieyp i 6IOHOUWEHHAS, S, .

Cnouatky 3amaemo QyHkuli Ta Oynyemo ixHi rpadiku. Jdani y BikHi “Crucok
00’€KTIB” CTaBUMO MITKM MPOTH TMEpIIoi, a MOTIM MNpoTH Apyroi (QyHKIil Ta
OOYHCIIFOEMO BIIMOBIAHI 1HTErpajM 13 3aHECEHHsAM 10 Bimmosimeit (puc. 7). Ilpu

[[bOMY Oyjie 3aIITpuxoBaHo Girypu @, i @, Ta 00YKCIICHO 1X IIoli (puc. 8):
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(g
|HTErpUEaHHA
SHAYEHHA IHTErpany:

=2 -abs[x])
fi=-1

B=3,
[=1.98371

|HTErpYBaHHA
3Ha'—IEHHF| |HTer|:|ang:

Iy

B=3 '

|=5. 95112 | | |" ‘”|||||||||||||||||||||||||||||||||||||||||||
Puc. 7 Puc. 8.

[Ticns 1pOro 3a AOMOMOrOI0 KaJbKYJSITOpa IITUMO APYTHil IHTErpal Ha

NepIui 1 3HAXOJWMO BIJHOIICHHS TUIOIIL S, S, =595112:1.98373 = =299999

PoOuMO BHCHOBOK, L0 MpH pO3TSArHEHHI (irypu y 3 pasu ii 1Joma Tex

30uIBIIy€eThCs yTpu4i. [Toxubka B 10° yoB’s3aHa 3 THM, IIO Ipu OOYMCIICHH] 3a
JIOTIOMOTOI0  KOMIT'FOTEpa BHKOPHUCTOBYIOTHCSI HE TOYHI JIMCHUMHM 4YHCTa, a iX
JIECATKOBI HAOJIMIKEHHS.

[MotyxHimry nporpamy Maxima MoXHa 3aCTOCOBYBATH JUISl LTIOCTPYBaHHS BCIiX
BJIACTUBOCTEH R -IHTETpalia, 30KpeMa JUisl BAKOHAHHS 3aMiHU 3MIHHOI y R -IHTETpaJIi.

3 oxnHoro O0oky, y Maxima e xomanma changevar, 3a JJOOMOT0I0 SKOi MOYKHA
poOuTH 3amMiHy 3MIHHOI SK y HEBU3HAYE€HOMY IHTErpaii, TaKk 1 B R -IHTErpali.
Hanpuknan,

(%i1) ’integrate(sqrt(%e”x-1),x,0,109(2));

log(2)

(%01) _[ e —1dx
0

(%i2) changevar(%,%e"x-1=t"2,t,x);

(%02) -

(%i3) assume(t<0)$
(%i4) %02,simp;

0 tz
(%04) -2 | [t

2
St

(%:i5) %,nouns;
(%05) - ==
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3ayBaxuMo, 1110 Taka caMa BIAMOBIIb OTPUMYETHCS 1 MpU OE3MOCepPeIHbOMY
oOYKCIIeHH] TaHOTO 1HTerpaia 3a KoMaHoo integrate.

[Ipore wacto mpu 3acTocyBaHHI KOMaHIU Changevar BUHUKAIOTh TTOMUIIKH, 5K
y HACTYITHOMY MPUKIIA/II:

(%il) ’integrate(x”2,x,1,2)$
(%01) j.xz dx

1
(%i2) changevar(%,x"2=t,t,x);

0 1’
(%02) —Ei[\/fdt

OdeBuHO, LIS BIANOBIAL HEMpPABWIbHA, OCKUIBKK MOYATKOBUHM 1HTErpai OyB
HEBII'€EMHUM, a OTpUMaHUM 1HTErpan Big eMHH. Takl NOMUIKA 3MYIIYIOTh
MPOSIBIISITH 00SPEKHICTh TIPU 3aCTOCYBaHHI KoMaHu changevar.

Axmo poOutu 3amiHy 3MIHHOI B R -IHTErpaji 3a JIOMOMOTOK MpPOrpaMu
MathCAD, To moBeneThcsi BUKOHATH KiJIbKA KPOKIB, ajie 3aBISKH [bOMY 3 SIBIISIETHCS

1 MOXKJIMBICTH Kpallle pO3yMITH XiJl PO3B’sI3yBaHHS Ta KOHTPOJIOBATH HOTO.

3 2

Jns  mpukiagy, OOYMCIMMO  IHTErpal 19—4x
1

dx 3a JOIIOMOI'OIO
X

TPUTOHOMETPUYHOT MiACTAHOBKU. CTBOPUMO TaKUH pOOOUMIA apKyIIL.

l[o_ .2
f(x) = 94" a=1 b=3
X
3
g(t) = 3-sin(t) \ H
3HAXOIMMO HOBI ME€XI IHTEIpyBaHHS al Ta bl, gt 7L WCT e
BpaxoByrouu rpadik QyHkiii g(t) (puc. 9): Al \
-3
7 —asin (—j
g(t) = asohe — 13 g(t) = b solve —>% -4 t 4
asin (gj Puc. 9.

al:=asin 1 bl:= r
3 2

YTBOPIOEMO HOBY MiIIHTETPAIbHY QYHKIIIO f2(t) Y BUTJISAL TOOYTKY fi(t)-dg(t),

Jc

J1-sin(t)?

dg(t) = %g(t) — 3-cos(t) fa(t) = f(g(t)) = 27 sn(1)"

21



Ockinbku (QYHKIIIO fi(t) MOXHA cpocTuTH, ane 3a komangamu MathCAD e

3poOUTH HE BIAETHCS, TO MEPEBU3HAUMMO i1 BpyUHY:

cos(t)

fit) =————
® 27-sin(t)*

cos(t)?

f2(t)= fi(t)-d
()= 110)-dg) > "=

Hapernti, 06unciroeMo iHTerpal 3a HOBOK 3MIHHOIO:

1642
27

bl
| = jfz(t)dt | -

al
Aje orpumanuii 3a gomomoroio mporpamu MathCAD MicTuTh MOMUIIKY B
3Hami! J{ns 3’scyBaHHS NPUYHHM II€] MOMWIKH CIIPOOYyEMO 3HAMTHU 3a JTOIMOMOTOIO

MathCAD BianoBigHui HEBU3HAYCHHUI 1HTErPAI:

J-c?s(t)2 it co'?‘(t)3
sin(t)* 3-sin(t)®

HeBaxxko nepexkoHaTucs, Mo TyT BTPAYEHO 3HAK “MIHYC”.

TakuMm umHOM, 3a Jonomororo mporpamu MathCAD mosxHa oGuHCITIOBaTH R -
IHTerpajyu 3a METOJOM 3aMiHM 3MIHHOi, aje NpH IBOMY CIiJ MaM sATaTd, 10
OTpPMMaHl 3a JIOMOMOTOK KOMIT'IOTEpAa PE3yJbTaTH HE 3aBXAM NPaBWIbHI 1
MOTPeOYIOTh JOJIaTKOBOI IEPEBIPKH.

VYV 1894 pomi T. CrinThec 3anponoOHyBaB HOBUH IMIJIX1J O BBEACHHS ITOHSITTS
IHTerpana, CyTHICTh SIKOTO TMOJISATa€ B Yy3araJlbHEHH1 TOHATTA JOBXKHUHU (MIpH)
IPOMIXKKA [ab), JIE —w<a<b<+w. 3BUYAlHA Mipa (IOBXKWHA) MPOMIXKKA [a;h) — II€
b-a, 1l Ha3UBAIOTh Mipor Jlebeca, IKUW TIOMIMPUB TOHSITTS JIOBKWHU MPOMIKKA Ha
MHOKUHHM HaA3BUYaHO ckiaaHoi mnpupomu. T. CTUIThbeC MO CyTi 3amporoHyBaB
BBa)XKaTH JIOBKUHOMW (Miporo Cminmbeca) POMIKKA [a;b) PIZHUITIO g(b)-g(a), A€ g(x),
X & (o0, +o0) , — 3aJIaHa HecIaiHa QYHKIIisA. 30Kpema, SKIIO0 g(x)=x, TO g(b)—g(@) =b-a —
3BUYAiiHA JOBXXKHMHA TPOMDKKa [ab) — Mipa Jlebera mporo mpomikka. OTxe,
T. CTinTheCc 3ampoloOHyBaB JIMINE 3arajbHINIE TIyMA4eHHS TOHSTTS JIOBXKUHU
npomikka. B ycboMy iHIIOMY MOro MiaXiJ A0 BBEACHHS TMOHSATTS IHTErpaja (KU
Ha3uBaoTh iHTerpasioM CTUIThECA) 1 OCHIKEHHS BJIACTUBOCTEH IBOTO IHTETpalia
CIIBIAJA€ 3 BIJAMOBIIHUM ITIJIXOJO0M JO BBEJICHHS 1HTerpajia PimaHa 1 DOCHiIKEHHS

HOT0 BJIACTUBOCTEM:
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n-1
e inmeepanona cyma Cmianmveca Ma€ BUTIAL Y f(x)Ag(x,), A€ a=Xy <X, <..<X,=b —
k=0
(T) -TIOJTLTT BiZPI3Ka [a; b], X; €[Xy;Xc] — MPOMDKHI TOUKH, & Ag(X) = g(Xu) —9(%) —
y3arajgbHEHa JTOBKHUHA MTPOMIKKA [X,, X.1];
® cpanuys inmeepanvroi cymu Cminmveca, KON APIOHICTh A(T) TPSAMYE 0 HYJIS,

BBOJIUThCS TaK caMe SK 1 Uil 1HTerpayibHOi cymu PimaHa; 1 rpaHuIs

Ha3UBA€EThCs inmeeparom Cminmveca GyHKUII f 3a MIpOIO g 1 MO3HAYAETHCS

b
(S) j f(x) dg(x), Ipu4OMy (QYHKIISI f HAa3MBAETBCA S, -IHMESPO6HOI0 HA BIIPI3KY

a

[a;b)
® KpUTEpii S, -IHTErPOBHOCTI AHAJIOT1YHI KPUTEPISAM R -IHTETPOBHOCTI;
e BIacTUBOCTI iHTerpana CTUITheCca aHAOTIYHI BIACTUBOCTSM iHTerpaia Pimana;

e o0umcieHHs iHTerpanga CTinTheca 3BOIUTHCS JO OOYUCICHHS R -IHTErpasia, Kojiu

byHKIiE f € R-IHTETPOBHOIO Ha [ab), a g(x)=g(@)+ J@(t)dt,xe[a;b]:

b b
(8) [f()dg(x) = R) [1()- p(x)dx.

O0’ennannsa imei A. Jlebera 1 T. CTinTheca ano MOXIMBICTE NMOOYAYyBaTH
HaJ3BUYAWHO 3MICTOBHY meopito mipu ma inmeepana Jlebeea — Cminmveca, sKa
BIJIIFPA€ BAXKIUBY pOJb Yy CydYacHIM maremaTHIll Ta 1 3acTocyBaHHSIX. Tomy,
BPaxOBYIOUM  MPUPOJHICTH 1  MPO30OPICTh  y3arajlbHEHHS,  3alpONOHOBAHE
T. CTinTheCOM, JOIUIBHO O3HAWOMUTH MaNOYTHIX Y4YWTEIIB MaTeMaTUKH 3 IUM
y3arajlbHeHHSIM, SIK 3 MPHUKIIAJIOM BaXXJIMBOCTI aHAJIOTIH y MaTeMaTHIll 1 BOAHOYAC
HEOOXITHOCTI aKypaTHO KOPUCTYBATHUCS aHAJIOTISIMU.

[HIIMM HampsSMKOM y3araJbHEHHS TIOHATTS BU3HAYEHOIO IHTErpajga €
MOIIMPEHHS [IbOTO MOHSTTS Ha (YHKIIII, 110 BU3HAYEH] HA HEOOMEKEHOMY ITPOMIKKY
a00 € HEOOMEXEHUMH B OKOJaX OKPEMHX TOYOK IPOMIXKKA (a;b), MO € ab0 HE €
BIJIPI3KOM. [7est Takoro y3arajJibHEHHs 3alIPOIIOHOBaHA 1 B OCHOBHOMY pealli30BaHa y
1823 pori O.Komi. Cytricts 11ei O.Komri HacTymHa.

CniouaTtky BBOJMTBCS TOHSTTS HEBJIACHOTO iHTerpana ¢yHkmii f: 1) Ha
MPOMIXKKY [a;b), —w<a<b<+w; 2) HA TPOMDKKY (a;b], —o<a<b<+w. Tak HA3UBAIOThH
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b
dopmanbHMil BUpa3 j f(x) dx 32 YMOBH 1HTErpoBHOCTI (pyHKIIi f BigMOBimHO: 1) Ha

a
KOXKHOMY BIJIPI3KY [a;c], I€ a<c<b; 2) HA KOKHOMY BIJIPI3KY [c;b], I€ a<c<b.
. Ydx  "fdx  %dx . Fdx
Hampukiaa, HEBJaCHUMU R -iHTErpajaMu, € BHPA3H J'—, j—, j— 1 [—=,a
X X X
0

1
dx 1
BHpa3 J— HC € HCBJIACHUM lHTGFpaJIOM OCKIJILKI/I (I)YHKHUI —1 HC € 1HT€I‘pOBHOIO

0sin — Sin —
X X

Ha KO)KHOMY BIJIPI3KY [c;1], O<c < L
T

b
Heesnacnuii  inmeepan j f(x)dx Ha TPOMDKKY [ab) (HA TIPOMDKKY (a;b])

a

Ha3UBAIOTh 30IXCHUM OO0 4YHucCila |, K€ Ha3UBAKOThb 3HAUEHHAM ILbOI'O HEBIACHO20

c b b
IHTerpaa, Ko | = lim I fxydx (1= lim j f(x)dx ). IIpu 11bOMY MMO3HAYAIOTH j f(x)dx=1.
c—>b—0a c—a+0 :

VY Bumajaky, KOJW BKa3aHa T'paHUIll HECKIHYEHHA a0o B3araji HE ICHY€, HEBJIaCHUMU

1HTerpaj Ha3uBalOTh PO30LKHUM 1 BIH BIJIMOBITHO Ma€ HECKIHYEHHE 3HAYEHHS (IO

b
I103HAYar0Th j f (x)dx = o ) @00 B3arai He Ma€ 3HAUYCHHSI.

a

YMoOBH 301KHOCTI HEBJIACHMX 1HTETpalliB CIIBHAAAlOTh 3 BIAMOBIIHUMH
yMOBaMHu ICHyBaHHSI TpaHulll GyHKIIl y Todml (CKIHYEHHIH UYMW HECKIHUYEHHO
BignaneHniii). Lleit dakT MOIIIILHO BUKOPUCTOBYBATH, KOJHM TIOHSTTS HEBJIACHOTO
1HTerpaja Ta WOro 3HAYEHHS UTFOCTPYETHCS 3a JIOMOMOTOI0 KOMIT IOTEPHUX 3aco01B
MaTEeMaTHKH.

Tak, 3a nonomororo CKM Maxima Mo»Ha 00YMCIIOBATH HEBJIACHI IHTETPaAIH 3
HECKIHYEHHUMH MEXaMH Ta HEBJIACHI I1HTErpaJii Bi HEOOMEXeHHX (yHKIIIH.
Hanpuxnan:

(%i1l) 'integrate(1/(x"3+1),x,0,inf)=integrate(1/(x"3+1),x,0,inf);

(%Ol) J.—ld _33/2

(%:i2) 'integrate((2*x-1)/(x"4+1),x,minf,inf)=integrate((2*x-1)/(x"4+1),x,minf,inf);

2 [,

(%i3) 'integrate(1/x~(1/3),x,-1,8)=integrate(1/x~(1/3),x,-1,8);
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(%03) I— dx = >

1/3

(%i4) 'integrate(x"2/sqrt(9-x"2),x,-3,3)=integrate(x"2/sqrt(9-x"2),x,-3,3);

: 9
(%04) dx = —

2=
-3 9-x? 2

[Tpote, KpiM TOTOBOI BiAMOBIII, 3a gomomMoro Maxima MoskHa 00YHCITIOBaTH

HEBJIACHI IHTETpPAIM 3a O3HAYEHHSM, TOOTO CIIOYATKy 3HAXOJIWUTH BIJIOBIIHI
BHU3HAYEHI IHTETPAJIH, a TOTIM MEePEXOAUTH J10 TpaHuIli. OOUUCIMMO UM CIIOCOOOM
inTerpanu (%o1) — (%o04), nogani Buie:

(%i1) ’limit(integrate(1/(x*3+1),x,0,b),b,inf);

Is b positive, negative, or zero? p;

iog —b+q\ atan[Zngs_ﬁJ
(%01) 1im - 4 Jogb+D) 7
b—w 6 \/§ 3 233/2

(%i2) 'integrate(1/(x*3+1),x,0,inf)=ev(%01,nouns,ratsimp);

(%02) j—d =

33/2

(%13) *limit(integrate((2*x-1)/(x*4+1),X,a,0),a,minf)+
“limit(integrate((2*x-1)/(x"4+1),x,0,b),b,inf),logcontract;
Is a positive, negative, or zero? n;

Is b positive, negative, or zero? p;

(%03)
4 3/2 43 2 3/2
lim Iog(aA ;/2:3:‘22+§3/2::]+(27’2+4)atan(\/5a+1)+(4—27’2)atan(\/Ea—l)—zs’Zﬂ

27/2

b*—2%/2p3 +4p%-2%/2p41

b—w

4 3/2 3 2 3/2
lim lo [b £27 b +4b"+2 b+lJ+(27’2+4)atan(\/Eb+1)+(4—27/2)atan(\/Eb—l)—ZS’Zﬂ

27/2
(%i4) 'integrate((2*x-1)/(x"4+1),x,minf,inf)=ev(%03,nouns,ratsimp);

2z
- 33/2

(%i5) ’limit(integrate(1/x"(1/3),x,-1,a),a,0,minus)+
“limit(integrate(1/x”(1/3),x,¢,8),c,0,plus);
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Is a+1 positive, negative, or zero? n;
Is c-8 positive, negative, or zero? n;

Is ¢ positive, negative, or zero? p;

2/3 2/3
(%05) fim 6-X 1 jm 2" _3
c—>0+ 2 a—>0- 2 2

(%:i6) "integrate(1/x"(1/3),x,-1,8)=ev(%05,nouns,ratsimp);

8

1 9

(%17) ’limit(integrate(x"2/sqrt(9-x"2),x,a,0),a,-3,plus)+
"limit(integrate(x”2/sqrt(9-x"2),x,0,c),c,3,minus);

Is a positive, negative, or zero? n;

Is a+3 positive, negative, or zero? p;

Is ¢ positive, negative, or zero? p;

Is c-3 positive, negative, or zero? n;

lim av9-a? —9asin[a] lim cv9-c? —9asin[cj
(%07) a—>—3+ 3 o8 3

2 2
(%:i8) "integrate(x"2/sqrt(9-x"2),x,-3,3)=ev(%07,nouns,ratsimp);
3 2

(%08) [—=X_dx=2%
-3 9—X2 2

[Tomanpine y3araJlbHEHHsSI TIOHSITTSI HEBJIACHOTO 1HTErpajga Ta MOro 3HAYCHHS
MOKe OyTH TaKUM.

Hesnacnum inmezpanom QyHKUIi f Ha JOBIIBHOMY IIPOMIXKKY (a;b) Ha3MBAIOThH

b
BHUpA3 J' f(x)dx 32 YMOBHU ICHYBaHHSI CKIHYEHHOI KUJIBKOCTI TOYOK X, k €0,n, TAKUX II0

a

Xic+1
a=Xy <X <..<X, =b, IPUYIOMY KOKEH BUPA3 j f(x)dx € HEBIIACHUM IHTETpayoM (DYHKIII1

X

b
f Ha MPOMIKKY [X,;X,,;) a00 Ha IPOMIKKY (x;,;]. Lle HEeBIaCHUI 1HTETpas J' f (x) dx

a

Xk+1
Ha3UBaIOTh 301’KHUM, KOJIU 301’KHUM € KOXKE€H HEBJIACHHUM 1HTErpasl jf(x) dx, ke0,n-1.

Xk
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b n—1 Xk+1
[Tpu 11bOMY MO3HAYAIOTH j f(x)dx= > jf(x) dx, TOOTO 3HAYEHHs HEBJIACHOTO iHTErpasa
a k=0 x,
gy : . . . Xi+1
j f(x)dx TOPIBHIOE 32 O3HAYEHHSAM CYMi 3HAYEHb HEBJIACHUX IHTETPAIiB [ f(x)dx .
a Xn
Xk 41

Y BuUMaaKy, KOJM TPUHAWNMHI OJWH 3 HEBJIACHUX IHTETpaiB j f (x) dx

Xk

b
PO30DKHMM, PO30DKHUM BBa)KAaIOTh 1 HEBJIACHWM 1HTErpal J f(x)dx 1 JJIS TaKoro
a
HEBJIACHOTO 1HTETpasia CKIHUEHHOTO 3HAUEHHS HE ICHYE.
Jlesiki po301XkHI HEBJIACHI IHTETPAIM MOXYTh MAaTH TaK 3BaHI 20106HI 3HAUEHHS

1 BBa)KaTUCs 301)KHUMH Y PO3YMIHHI TOJIOBHUX 3HAYEHb.

1
Tak, TOJJOBHUM 3HAYEHHSAM PO301KHOTO HEBJIACHOIO IHTErpajia j% € YHCIIO
X
-1

“fdx edx
I = lim (j—+ =)=1lm (he-1l+hl-Ihe)=0.
>0+ 5 X X >0+

&

3a J0MOMOrol0 JESKMX CY4YaCHUX KOMIT IOTEPHUX 3aco0iB MaTeMaTHKU
(30kpema, Maxima) MoxkHa OOYHMCITIOBATH TOJOBHI 3HAYEHHS HEBJIACHHMX 1HTETPaiB,
npoTe ¢hopMaabHE BUKOPUCTAHHS 1IMX 3aC001B MOKE TPU3BECTHU A0 TPyOUX MOMUJIIOK.
OOuHMCcIUMO, HANpHKIag, 3a JormoMoror Maxima kijgbka HEBIACHHX
IHTErpaJiB y CEHCI TOJOBHOTO 3HAYEHHs Oe3locepelHho 3a KOMaHow Integrate, a

TAaKOXK IIJIAXOM I'PAHUYHOIO IICPEX0aY.

b
[Tounemo 3 iHTErpana J%, a<0, b>0. CnouyaTky OOYHCIMMO HOTO
X
a

0e3nocepeHbO:

(%i1) [assume(a<0),assume(b>0)]$
(%i2) integrate(1/x,x,a,b);

Principal Value

(%02) Iog(b) - log(a) +ix

(%:i3) rectform(%);

(%03) tog(b) - log(-a)
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Omxe, 3a gomomoror cuctemu Maxima oTpuMaHO TOTOBUH pe3ynbTaT 3
INONCPECIKCHHAM IIPO TC, MO HO€ TOJOBHC 3HAYCHHA HCBJIACHOI'O iHTeraJIa.
O0uncIUMO TCIICP ueﬁ pe3yiibTaT, CIINPar0YrUCh Ha O3HAYCHHA I'OJIOBHOI'O 3HAYCHHA:
(%i4) 'integrate(1/x,x,a,-r)+'integrate(1/x,x,r,b)=
integrate(1/x,x,a,-r)+integrate(1/x,x,r,b);

Is r + a positive, negative, or zero? n;

Is r positive, negative, or zero? p;

Is a positive, negative, or zero? n;

Is r - b positive, negative, or zero? n;

b -r
0 1 Ly = _loa(—
(%04) rj.xdx+ ajxolx log(b) — log(-a)

CrpoOyemMo 0OUMCIINTY 1€ OJUH 1HTErpaj 0e3n0cepeIHbO:
(%i5) "integrate(tan(x),x,-%pi/2,%pi/2)=integrate(tan(x),x,-%pi/2,%pi/2);
(%05) Zj.tan(x)dx:o

2

[{poro pasy He BKa3zaHO, IO 1€ TOJIOBHE 3HAYEHHS HEBJACHOTO 1HTerpaiga. Tomy
MOXXHa TMOJyMaTH, IO OOYMCICHHH 1HTerpan OyB 30DKHMM HEBJIIACHUM a0o
3BUYAHUM piMaHoBUM. CrnpoOyeMo MNepeoOYMCINTH 3aJaHui 1HTerpai Ie pas,
1HAKIIIE 3aMMCaBIIN M AIHTETPAIbHY (DYHKIIIIO:
(%i6) 'integrate(sin(x)/cos(x),X,-%pi/2,%pi/2)=
integrate(sin(x)/cos(x),x,-%pi/2,%pi/2);

Principal Value

T
5
n

(%06) jmdxﬂog(—l)

7 €0S(X)

2
IIs BiAMOBIAL TEX HEMpaBWIbHA, XO4a MPUHAMMHI BKa3aHO, 110 MOBa ijae Mpo
rojioBHe 3HaueHHs. [[paBuiIbHY BIAMOBIAH MOXKHA JICTATH TaK:

(%:i7) 'integrate(tan(x),x,-r,r)=integrate(tan(x),x,-r,r);
(%07) Itan( x)dx =0
[Ticnst 11bOTO HA OCHOBI TEOPIT MOKHA 3pOOUTH BIAMOBITHUI BUCHOBOK.
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Jlo pedi, aHANOTIYHUI 1HTErpaa, TUIBKU 3 KOTAHT€HCOM, MPH 3BEPHEHHI 10
CHCTEMU OOUHMCIIOETHCS MPABUIIBHO:
(%:i8) "integrate(cot(x),x,0,%pi)=integrate(cot(x),x,0,%pi);

Principal Value

(%08) ”jcot(x) dx =0
0

TpamumiitHo 3acTOCYyBaHHSI 1HTETPAJBLHOTO YWCICHHA BKJIIOYAIOTH MaTtepiai,
MOB’sI3aHUN 3 OOYMCIICHHSM JOBXKHH KPUBHX, IUIONI IIOCKMX (iryp, 00’€MiB TiI
oOepTaHHS, TIIONT TOBEPXOHb 00EPTAaHHS, MAaCH 1 IICHTPA MAaCH, PO3MOAICHOI B3JJOBX
MaTepianbHOI YTH KpUBOi UM Ha MaTepiayibHii tuiactuHi. [Ipu oMy A0CHTH 4acTo
pOOJIATH 1€ TAK, SIK 1 TPU CTOJITTS TOMY: Ha IHTYITUBHOMY PiBHI, HE HAJAI0YU YITKUX
O3HAYCHb BIAMOBIIHUX MAaTEMAaTUYHHUX TMOHATH, IO € MATEMATUYHUMH MOCISIMU
NEBHUX PEAJTbHUX 00’€KTIB, @ TOMY HE BUKOPUCTOBYIOUH CY4YaCHOTO PiBHS PO3BUTKY
MaTEeMaTHKH, SIKUH JI03BOJISIE 3pOOUTH 1€ YITKO, 3pO3YMIJIO 1 KPACHBO.

[HTYyiTHBHE YSBIEHHA NpPO KPUBY IMOB’SA3aHE 13 CIIOM, SKUI 3aJIHILIAE
MmaTepiajJbHa TOYKa (KIHYMK 3aroCTpPEHOrO OJIiBLA), KOJM BOHA pPYyXaeTbcs Ha
IJIOMIMHI XOY (Ha KOMIUIEKCHIH momuHil C ). [Ipu iboMy NEBHOMY MOMEHTY 4acy t
(mapameTtpy t) BIAMNOBIAa€ HAa KPUBIM MEBHA TOYKA M, 3 JIMCHUMHU KOOpPJHWHATAMU
x(t), y@) (abo0 3 KOMIUIEKCHOTO KOOPAMHATHOIO z(t)=x(t)+iyt). B ¢izuaraOMYy
TJIyMau€HHI TOYKH Ha KpUBIM Tpeba po3pI3HIATH HE TIIBKH 3a X KOOpJAWHATAMHU, a U
32 MOMEHTOM 4acy (ImapaMeTrpoMm) t, B SKHI MaTepiajibHa TOYKa 3ailMae 11e
MOJIO’KEHHS.

VY 3B’s13Ky 3 TAKUMHU YSBIECHHSMH MPO KPUBY BBOMASTH HiTKE O3HAYCHHS KPUBOI
ad0 mapaMeTpuyHOi KpWBOi, 11 CHiAy HAa IUIOLIMHI, PIBHSHHSA  KPHUBOL
(mapaMeTpuyHOro, SIBHOTO, B MOJISIPHUX KOOPAHMHATAaX), MPOCTOi KPUBOI a00 KPUBOI
Kopnana, nyru KpuBOi, CIpAMIIIOBAHOI AYrd Ta i1 AOBXuHU Tomo. lIpu mpomy
BUSIBJISIETHCS, 10 YC1 Il MOHSTTSI IPUPOIHO y3araiabHIOIOTHCS [3, ¢. 266] Ha BUNIAI0K
TOBUTHHUX, TaK 3BAaHUX, HOPMOBAHUX MPOCTOPIB, YACTHUHHUMH BHITAJIKAMHU SKUX €
KOOpAWHATHA TpsiMa OX , TUIOIIMHA XOY , TPUBUMIPHHIA MPOCTIp OXYZ , KOMIUIEKCHA
MJIomMHa C Ta 6araTo IHIIUX MPOCTOPIB, IO BIAITPAIOTh Y Cy4acHI MaTeMaTHIl Ta
11 3aCTOCYBAHHSX BAXJIUBY POJIb.

29



KopekTHe 1 BogHOUYac AOCTyHMHE O3HAYCHHS JOBXKWHU JYTd KPUBOI MOXKHA
HABECTHU JIMIIE JJIs HEMEPEePBHOI KPUBOi, 3aJaHOI MapaMEeTPUYHO PIBHSHHAM z = z(t),
tela; B, N€ QYHKIIS z(t) HEMEpPEpBHA Ha BIAPI3KY [«; 4] 1 HAOyBa€e 3HAYEHb 3 MIEBHOIO
HOPMOBAHOT'O MTPOCTOPY. Y BUMAJKY, KOJIH LIEH MPOCTIp:

e JIEKapTOBa IUIOLIMHA XOY , z(t) = (x(t), y(t)), TOJl MapaMeTpUUHE PIBHSHHS IyTU
HaOyBa€ BHUTIISIAY  x=x(t), y=y{), te[e;8], SKAA y BUINAOKY  x=t
MIEPETBOPIOETHCS HA SIBHE PIBHSHHS IYTH: y=y(X), xe[a; 4], @y BUIAAKY y=t —
Ha SIBHE PIBHSHHS AYTH x = x(y), yela;fl;

® KOMIUIEKCHA TUIOUIMHA C, TOJIl MapaMeTPUYHE PIBHSHHS AYTH Y KOMIUICKCHIN
dbopMi Ma€ BUTTIA z = z(t), te[a; 8], A€ z(t) = X(t) +i y(t) .

® MOJISIpHA TUIONIMHA, z(t)=(t, p(t)), TOJl MapaMeTPUYHE PIBHAHHS KPUBOI Y
MOJIIPHUX KOOPJIMHATaX HAO0yBa€ BUTIISINY p=p(t), 1€ p(t) — BIICTaHb TOYKU
z(t) B1J MOJSIPHOTO LIEHTPA, a t — KyT, HA KM Tpeba MOBEPHYTH MOJISIPHUN
MIPOMiHb, II00 BiH CIIBIAB 3 paJlyC-BEKTOPOM TOUKH z(t) .

Jlo xommiiekcHOi GopMuU 3BOJUTHCA Oynb-iKa iHIIA GopMa mapaMeTpUIHOTO

PIBHSHHS Ayryd KpuBoi. ToMy yci MIpKyBaHHS MO>XKHa MPOBOIUTH JIJIs HEMEPEPBHOT
KpUBOIi (TOYHIIIE AYTH), TAPAMETPUYHE PIBHSIHHS SKOi MAa€ BUTJISIA
z=1(t), tele; A. (1)
VY Bunmaaky, Kojdud g ayra I € BIAPI3KOM, IO CIIOJIydYae TOYKH z; =z(a) 1
z,=2(f), 1l JOBXKHUHOIO € JIOBXXKMHA HAMNPSIMIEHOIO BiApI3Ka [z;z,], TOOTO YHCIO
L) = L([z;2,]) = |Zz - Z1| .
Skmio ayra ' € JaMaHO 3 BEpPUIMHAMHM Y TOYKax z, =z(t), k=01..n, JI€

a=ty<t <..<t,=F, TO i1 JOBXKHWHOK 3a O3HAYEHHSM € YHUCJIO, IO JOPIBHIOE CyMI

n-1 n-1
JOBXUH JIAHOK L1€1 IJaMaHO1, TOOTO L(I) = L| J((zc; za]) = 2. |2iea — 2] -
k=0 k=0

3aBepHIaIbHUN KPOK BBEJIECHHS TOHATTS JOBXHHHU JOBUIBHOI HENEpepBHOT
IyTH TIOB’SI3aHUM 3 TUM, 1110 Bi3yaJbHO HEMEpEepBHA Iyra MaiKe He BIJIPI3HIEThCS Bl
JJaMaHo1, BIMCAHOT Yy 110 YTy, KOJHU JIAHKHU JIaMaHOi JOCUThH JAPiOHiI, TOOTO MarOTh
nocuTh Maiy AoBkuHY. OcTaHHIA (akT 3pydyHO UITIOCTPYBATH 3a JOMOMOTOIO

Cy4aCHUX KOMIT IOTEPHHUX 3aC001B MaTeMaTHKH.
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Hasenemo po6ounii apkym CKM MathCAD, Ha sikomy 300pakaeThCsi KpUBa,

BITMCaHa B He JlaMaHa 1 00YMCITIOIOTHCS 1X JIOBKUHM IIPH 3aJ1aHii KIJTBKOCTI JIAHOK.

b 2
fx)=x> a=-1 b=2 L::J1+(if(x)j dx
: dx

x(n,k) =a+k b‘Ta p(n) = ni\/(((n,k +1) = x(n,k) 2 + € (x(n,k +2)) — f (x(n,k)) >

k=0

45
£ u)
fi k)
Sl
—05
-5 WM k) 25
Puc. 10.

(V17 +4) h(J/5-2) 5
- - +
4 4 2417

SIKImo 3amaTH KUIBKICTH JAHOK N:=10, TO JOBXXHWHA JaMaHOI aBTOMaTHYHO

L L=6.126 p(N) = 6.069

epeoOUUCIIUTRCS: p(N)=6.112, & PUCYHOK cTaHe TakuM (puc. 11):
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4.5

i)

fia I, k3
i

-0.5

-25 M k) 25

Puc. 11.

Takum 9MHOM, IPUPOJAHO O3HAUYUTH 008IxCUHY L(T) Oyeu T' 3 piBHsAHHAM (1) 3a
JIOTIOMOT OO0 PIBHOCTEH L(I) :s#[)) L(T) abo L(F):Mlir)n_)OL(T) , 1€ T — MOAUT BIJIpI3KA [a; ]
n-1
TOYKAMH =ty <t <..<t, =4, A(T) — APIOHICTb IBOrO MOALLY, @ L(T) =Y |z(t.) - z(t)| —
k=0
JOBXMHA JIAMAHOI 3 BEpPIIMHAMH y TOYKaX z(t,), k=0,1...,n, BOUcaHoi B ayry I'. Ll
JOBXHHA L(I) 3aBXJIU ICHYE, TPUUOMY 3aBXKJU 0< L(I) <+wo. Y BUMATKY L(I) <+ Oyed
(1) HA3UBAETBCS CHPAMIIO8AHOI0, A KO L(I') =+ (1 TAKUX BUIAJKIB 0€31114) — dyea
(1) Ha3UBAETBCS HECHPAMAIOBAHOIO.
HaBeneHe o3HAYeHHS KOPEKTHE SK IS HE3aMKHEHUX JOyr, Tak 1 JUIA
3aMKHEHUX, SIK JIO MPOCTHUX AYT, TaK 1 0 AYT 3 TOUKAMHU CaMOTIEPETHUHY.

[licnst BBEeNEHHS TMOHATH CHPSIMIIFOBAHOI AYTM Ta i1 JOBXKUHHU JOIIJIBHO
PO3IJISHYTH OCHOBHI BJIACTHBOCTI CIPSMIIOBAaHUX AYr Ta iX JOBXKHH, SIKI TICHO
MOB’Si3aHI 3 OCHOBHMMH  (XapaKTEepUCTUYHWMH) BJIACTUBOCTSIMH  OJHOTO 3
HaWBKJIUBIIINX MAaTEMaTUIHUX MTOHATH — MipH MHOXHHHU.

[Ticns mporo MoxkHa MOBECTH (GopMyITy s oOYUCICHHS MOBXUHU 1yru (1),

JUIS SIKOT TMOX1/THA z'(t) € R -IHTETPOBHOIO (DYHKIIIEIO HA BIJIPI3KY [«; 4]
)
L) = ﬂz'(t)|dt (2)
Ta PO3TIISTHYTH YaCTUHHI BUMAIKH IT1€T (hOPMYITH.
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OOuucieHHa JDOBXUH AYT 3a JAOMOMOIOI0 CyYaCHUX KOMIT IOTEPHHUX 3aco0iB
MaTeMaTHKH 3BOJIUTHCS:

e 710 OOYMCIICHHS JIOBXKUHM jJamMaHux (mporpama Granl), 1 Toai mUTaHHS 010
CHPSMITIOBAHOCTI YT MOXE JUIIUTUCS BIAKPUTUM , a JIOBIpa A0 OOUHCICHOTO
pe3ynbTaTy MOKe OyTH HE JTy’Ke BUCOKOIO;

e 110 OOYHCIeHHS 1HTerpamiB (2), 1 Toal MOXKe OyTH BHUpIIIEHE MUTAHHS 1010
CHPSMJITIOBAHOCTI 1 MiJBUIIEHA JOBIpa A0 OOYHCIEHOTO PE3ylbTaTy 3a YMOBH,
0 KOPUCTYBad BiJIMOBIAHOTO MPOrPaMHOTO 3aco0y HE TUIBKH MOXE HOro
3aCTOCYBaTH, a 1 MaTH TVIMOOKI TEOPETHUYHI 3HAHHS IJIS aHaTi3y OJCpKaHUX
pE3yIbTaTIB.

Hanpukian, obuumciuMo 3a jgomomoror mporpamu Granl (y kit e

BOyJIOBaHa (YHKIISI OOYMCIICHHS JOBXHH JyT) JOBXKHHY JAHYI020601 JiHii

X X

y=2(e4+e 4) BiJI TOYKHA x =0 JIO0 TOUKU X=4 .
Jly1st Toro mo6 kparie yaBuTH (opMy JIAHIIOTOBOI JIiHIT, 300pa3uMoO CIIOYaTKY
il 1yry, sika BIAMOBIAA€ BIAPI3KY [-55] (TOHIIOKO JIIHIEIO), a MOTIM 3aJlaHy AyTy, sKa

BIIMOBIIA€ BIJIPI3KY [0;4] (TOBIIOO JiHI€K) (pucC. 12).

Y

1 X
Puc. 12.

[Ticnst uporo 3HalEMO UIYKaHy AOBXKUHY IyTH: L =4.701.
[TepeBipuMo 1eii pesynbraT 3a gomomoror MathCAD, BHKOpPHCTOBYIHOYM

CTBOPEHHUH BHILE pOOOYMI apKyml A OOYMCICHHS JOBXHUH AYr 1 BIMCAHHUX

X X

JaMaHuX. 3MIHUMO Yy HBOMY TUILKH (PYHKIIO: f(x):=2(e* +e ¢) 1 BIAPI30K [a;b]: a:=0,

b:=4. Jlicranemo: L =4.701.
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Tenep cmpobyemMo oOumcauTH 3a gomomororo mporpamu Granl noBxuHy

HECHPSIMIIFOBAHOI HEIIEPEPBHO1 KPUBOI y = xsin 1 xe ©1, f©)=0 (puc. 13).
X

(] Bignosig | = || & |[wE3al
|HTErpUEaHHA r
JoEsHA QYW KpKEDI:
r : =R ain] 1)
ﬁfﬂ{\ =0,
B=1,
oy /X L-2754

Puc. 13.

Ax Oauumo, pe3ynbTaT, oJepkaHUil 3a jgomoMorow mporpamu  Granl,
IOMHJIKOBUH, OCKUIBKH TpaBWJIbHA BignoBimp L=+, OTxe, mpu 3acTOCyBaHHI
nporpamu Granl 10 oOYUCHEHHS JOBXHHHU KPUBOi KOPUCTYBAa4y MOBUHEH CaMOCTINHO
BUPIIITYBAaTH MUTAHHS, YU € 33J]JaHa KPUBA CIPSMITIOBAHOIO.

Jo peui, npu 3BepHeHHi g0 mnporpamu MathCAD y npanomy Bumaaky
OTPUMYETHCS TTOBIJIOMJICHHS, 1110 1HTETPa HEMOXKJIMBO OOYUCIIUTH.

Jlnst MaitOyTHROTO BYMTENISI MaTEMAaTUKU BAXKJIMBUM € HE TUIBKU 1 HaBITh HE
CTIIBKM T€, K MOXKHA OOYHCIWUTH 3HAYEHHS Ti€l YM 1HIIOI T€OMETPUUYHOI abo
(b13UIHOT BETMYUHHU, CKIIBKH T€, 110 PO3YMITH ITiJT €0 BEJIMUYMHOIO Ta K1 11 OCHOBHI
(xapaktepuctuyHi) BnacTuBOCTI. Lle cTocyerhes 1 muioni miockoi (irypu, BABYEHHIO
SKO1 y IIKUTBHOMY KypCi MaTeMaTHKH TPHUAUICHO 3HAYHY yBary, IpoTe aKIEHT MpH
IIbOMY POOUTHCS Ha OOYMCIIEHHI, a HE Ha CYTHOCTI MOHATTA Twiony Qirypu. B
pe3yJbTaTi 4acTo OOYUCIIOITh II0Ch, HE 3HAIOUH, [0 CaM€ OOYMCIIIOIOTh, IOBOJSATh
TEOpeMy TpO IUIONTY AKOICh (Girypu (HAMpUKIAI, MPSIMOKYTHHKA), HE 3HAIOYH, IO
Take roma 1iei pirypu. lle 00ymMmoBIeHO THM, 110 YaCTO Yy MPOIleCi HABYAHHS HISK
HE BPaxOBYIOTh PiBHS PO3BHTKY Cy4acHOI MaTeMaTHKH, TTIOMHJIKOBO BBa)KarOuH, IO
el piBeHb HE TakKWid JOCTYNHHUH Y4HSM, SK pIBEHb MaTeMaTU4YHOI HayKu
KUIbKACOTIIITHBOI JNaBHUHMU. HacmpaBzl Bce HaBIaku: PO3BUTOK MaTeMaTHKU (SK 1
Oy1b-SIKO1 1HIIIOT HAYKH) CYNPOBOKYETHCS HE TUIbKHU y3arajlbHEHHSIM MaTeMaTHYHUX

¢akTiB (0TXKE, 1 pO3MIUPEHHSIM iX 3aCTOCYBaHb), a i TUM, 110 111 (aKTH MO30yBaIOTHCS
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Cy0’€KTHUBHOCTI, CTalOTh MPO3OPIIIUMH, 3pO3yMUIIIIUMHU, a OTKE M JOCTYHNHIIIMMHU
IIUPIIOMY KOJTy JIFOAeH, BKIIFOUAIOUH 1 YYHIB 3arajJbHOOCBITHIX HIK1JI.

Tak, cydacHe o3HaueHHs NAOWi NAOCKOI ¢hicypu IUIKOM TMPUPOAHE 1

KOHCTPYKTHBHE:
® CroYaTKy BHUIUISAIOTh, TaK 3BaHl, NOpocTi GIrypu; TakKUMH BBaXXalOTh

OPSIMOKYTHUKA a00 TPUKYTHUKH; IUIOLICIO MPSMOKYTHUKA (KOJM BIH €

mpocToo (iryporo) 3a O3HAYCHHSIM HA3UBaIOTh JOOYTOK MWOTO BHMIpIB;

IJIONICI0 TPUKYTHHKA (KOJM BIH € TPOCTOI (Irypor) 3a O3HAYCHHSIM

BB)KAIOTh MIBJOOYTOK OCHOBH Ha BUCOTY;

e 00’€HaHHS CKIHUEHHOI KUTBKOCTI MPOCTUX ¢iryp 0e3 CHiTbHUX BHYTPIMIHIX

TOYOK HA3MBAaIOTh MPOCTOI0 (PIryporo; ii MIOIIEI0 32 0O3HAUYEHHSM BBAXKAIOTh

CyMY IUIOLI IPOCTUX (PITYp, IO YTBOPIOIOTH 1[I0 IPOCTY PIrypy;

e JUIsl JIOBUIBHOI IJIOCKOI (ITypM @& HaMararoTbCsd «HEMOBOM BUMIPATH ii

IUIONTY 3 HEJAOCTAYEIo Ta 3 HAAJIMIIKOMY; JJI YOTO 3HAXOAATH MPOCTi (IrypH

o, 1 o, g AKUX @, c d o™ . JKkmo yncna s@,) 1 S(@™) MoxkHa 3pOOUTH

SIK 3aBrOJJHO OJIM3BKMMHM MK COOOIO, a OT)KE, 1 JIO JIESIKOro Yhcjiaa S(d), TO

¢@icypy © HaA3UBAIOTh K8AOPOGHOIO, a YUCIO S(d) HA3UBAIOTh niaoujero ¢hicypu

D,

[licns BBeAeHHA ILOTO O3HAYEHHS JOIUIBHO PO3IVISHYTH OCHOBHI
BJIACTUBOCTI KBaAPOBHUX (iryp Ta iX IUIOLI, SKI TICHO MOB’S3aHI 3 OCHOBHHUMH
(XapakTepUCTUYHUMHU) BIACTUBOCTSIMU 3arajibHOTO MOHATTS MIpU MHOXHUHH, 1 JIUILE
MICs UBbOrO JIOBOAUTH (POPMYNH JJisi OOUMCIIEHHS IUIONI KPUBOJIHINHOI Tparenii,
KPUBOJIHIMHOTO CEKTOpa Ta AEAKHX IHIIMX IUIOCKMX (iryp. Yci 1l oO0YMCIeHHs
MO’KHa IPOBOJIUTHU 3 BUKOPUCTAHHSAM CyYaCHUX KOMIT IOTEPHUX 3aC001B MaTEMaTHKHU.

Hwxue HaBeneHo poOoumii apkym nporpamu MathCAD, Ha sikomy oOuuc-
JIFOETHCS TIJIOIIIA MOJIOBUHHM OJTHIET 3 TICITIOCTOK JIBOIICITFOCTKOBOI TpostHIH (puc. 14).

T

r(t) = cos(2t) a=0 b= 2 '=a,a+0.0001.b u:=a,a+0.0001..2-7
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g0
120 éill
1.1

150 30

i TN
o s 0 g
v 1) 'uw
210 ] 30
240 T 300
270
t.n
Puc. 14.

b
1 2 T
S==|r(t)° dt S > —
Lot sk

OCHOBHI TBEp/KECHHSI, MOB’sA3aH1 3 MOHATTSAM KyOOBHOI irypu ta ii 00’emy,
IJIKOM aHaJIOT14H1 10 BIATIOBITHUX TBEP/XKEHb, OB’ SI3aHUX 3 MOHITTSAM KBaJIPOBHUX
¢iryp Ta ix wiomnr. [{ro aHanoriro AONMIIEHO BUKOPUCTATH IS 3TyYEHHSI MalOyTHIX
BUUTEJIIB MAaTEMATHUKH JI0 CAMOCTIMHOTO BIJKPUTTS HOBUX JIJII HUX MaTeMaTHYHUX
dakriB. Cepen ¢iryp, 00’eMu SKMX MOXKHA OOYMCIIOBATH 3a JOMOMOTOI0 R -
1HTerpaia, BUAUIAIOTh TaK 3BaHl Tija o0epTaHHs.

Jnst oGuuciieHHsT 00’eMiB I€SIKUX KyOOBHHMX (Iryp JOLIUIBHO 3aCTOCOBYBAaTH
Cy4yacHI KOMIT FOTEpPHI 3aCO0M MaTeMaTHKH.

VY mporpami Granl mepenbauena BOygoBaHa KOMaH/a JjIsl OOYMCICHHS 00’ eMy
Tia oOepTaHHs. 3ayBaXKMMO, IO Kpalle TII0 OOEepTaHHS YTBOPIOBATH ILISXOM
oOepTaHHsI KpUBOJIIHIWHOI Tparnellii, a He kpuBoi. Cxopuctaemocs nporpamoro Granl
Uit oOurciieHHsT 00’eMIB TUT OOepTaHHS Ha JIBOX MpPHUKIAIax 1 MPOaHATI3yeEMO
OTpUMaHi pe3ybTaTH.

I. y=sinx, xe[O;z/2] = V,, =24674,

I,. y=arcsinx, xe[0l] = V,, =2373.
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3HaiiieHi [Ba 00’ €MU MOBUHHI OYyTU PIBHUMHU MiX c00010 (quB. puc. 15, 16),
ajyie pe3yybTaTH, OTPUMaHi 3a mporpamoro Granl, BiA9yTHO BiAPI3HSIIOTHCS OAWH Bija
onHOro. HeBaxkko nmepekoHaTHCs, 110 Nepiinii 00’eM 00UUCICHUM TOYHILIE, a JPYTUl
pe3yNbTaT AELO0 3aHUKEHUH.

[lpu 3acrocyBaHHi OUThII TMOTYXHHX mporpam, Hampukiaa, MathCAD,
3’ABJISIETHCSI MOKJTUBICTD Oy/1yBaTH SKICHI TPUBUMIPHI1 LTFOCTpaIlii.

Hasenemo pobounii apkymr MathCAD, Ha sikomy 300paskeHO TiJI0O 0OepTaHHS
(puc. 17) Ta o6umCcIeHO Or0 00’ €M.

b
_ V =n[f(x)*dx
f(x) = @1+sin(X))*® a:=0 b:=2n ; V =27.233

g(x y)=if (F()* -y 20,/ ()°-y*.0)  gl(x,y):=—-g(x.y)

y'y

X
Puc. 17.

Ha ocHOBI 3acToCcyBaHb IHTETPAJLHOTO YHCJICHHS 0 OOYMCIICHHS JOBXKHH,
1011 Ta 00’€MIB JOLIBHO Pa3oM 13 MalOyTHIMHU BUMUTENISIMH MaTEMaTUKW 3HANUTH
3A2ANbHY CXemy 3aCMmOCY8aHb IHMe2PAIbHO20 YUCLeHHs IO PO3B’SA3YBaHHS IESKHX
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MPaKTUYHUX 3aJ]1a4, TTOB’SI3aHUX 3 O3HAYEHHSM T€OMETPUYHMX 1 (DI3UYHMX BEITHYMH
Ta OOYMCIIEHHSIM 3HAYCHD [IUX BEINYHH:
1) nepekoHaTUCs, IO MOTPIOHY reoMeTpuyHy abo0 (i3UYHy BEIUYHHY W

JOTUTHPHO TIOB’SI3aTH 3 TEBHUM BIZIPI3KOM [a;b], TOOTO W =W ([a;b]), TPHIOMY

KOXHIW 9aCTHHI BIJpi3Ka [a;b] BIJAIMOBITA€ TIEBHA YAaCTHHA BEJIMYMHUA W 1 ITO
n-1 n-1
BEJIMYUHY JOLULUIBHO BBAXKATH aJJUTUBHOIO, TOOTO W[a;b]= > W([X ;XD = Y. AW,
k=0 k=0
J1s1 Oy JIb-SIKOTO MOJILTY (T) BiApi3Ka [a;b] TOUKAMHU a =X, < ¥ <...<X, =b ]
2) 3HAWTH NpHUIATHE HAOIMIKEHHS AW, ~ o(X)-AX, 1€ o(x;) — 3HAYEHHS ICSIKOI
BiIoMOT QYHKITIT o =w(x), xe[ab];

. . n-1 .
3) micTaT MPUPOJIHE HAOIMIKCHHS BEJIMYMHN W Y BUIJISIIL W ([a;b]) ~ D o(x)AX
k=0

n-1 ..
4) MOKJIACTH 3a O3HAYCHHSM, IO W ([a;b]) :4(&}1 L LX), 1 icTaTh bopmyiy s
—Uk=0

b
00YHCICHHS 3HaUY€Hb BEJIUUYMHHA W , TOOTO W ([a;b]) = Iw(x) dx

a

5) nepekoHatucs B €pEKTHBHOCTI 0/iep:KaHoi (OpMYJIH.

HaBeneny cxemy MOKHa 3aCTOCyBaTd, 1100 BBECTH MOHSTTS ILJIOIII MOBEPXHI
o0OepTaHHs, MacH MaTepialbHOI IyTH 1 MaTepialibHO1 IUIACTUHH, CTATUYHUX MOMEHTIB
1 KOOpJAWHAT IIEHTPIB IIMX Mac, a TaKOXX 00 3HAWTH BIAMOBIIHI IHTETpaId IJIs
0oOYHMCIICHHS 3HaYeHb BKA3aHUX BEJTUYHH.

3a J0MOMOTOI Cy4YacHMX KOMIT IOTEpHUX 3aco0iB  MaTeMaTHKW MOJKHA
UTIOCTPYBATH BBEJICHI MOHATTS 1 00UKMCIIFOBATH 3HAYEHHSI BIJIMIOBIIHUX 1HTETPAJIiB.

3a jgomomMoror mporpamu Maxima Mo)kHa JOCHTh €(PEKTHBHO pO3B’sI3yBaTh
3a/1aul Ha BIJINTYKAHHS PI3HUX T€OMETPUYHUX 1 (PI3UYHUX BEIMUMH, SKE 3BOAUTHCS 10
O0OUYHMCIICHHS] TIEBHMX 1HTErpaiiB. Tak, JJis BiANIYKaHHS IUJIONII MOBEPXHI €lirncoiaa

o0epTaHHS, YTBOPEHOT'O0 OOCPTAaHHSAM €JIIIca x(t) =acost, y(t)=bsint, te[0;7], HABKOJIO

B
0Cl OX , JOCUTh BUKOPUCTATH (OPMYITY S =27 J'|y(t)| x'2(t)+y'?(t) dt 1 BBECTH KOMAaH/IU:

(%i1) apply(assume,[a>0,b>0,a>b])$
(%i2) integrate(2*%pi*b*sin(t)*sqrt(a”2*sin(t)2+b"2*cos(t)"2),t,0,%pi);
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a

2 2
2a’+va? —b? asin [ab]

(%02) 24 (b - )

2b? —2a?

3acrocyBanns nporpamu MathCAD y naniif Temi IpoUTIOCTPYEMO Ha TaKOMY
OpUKIagi. 3HalAeMO IICHTPH Mac OMHOPIAHOT KpUBOI T y=4-x%, xe[-22], |

BIJIMOBIAHOT 11 OJTHOP1THOT KPUBOJIIHIMHOT TpaneIii @ : 0<y<4-x?, xe[-2,2].
Po6ounii apky1ir 3 po3B’si3aHHSAM JaHOT 3a7aui.

f(x)=4-x> a=-2 b=2
41

b q 2 b 1 x)
L::;[ 1+(&f(x)] dx S:= ;ff(x)dx g&x

S

b 2 b f
1 d 1 2 -09 }(2 -1
L==-f(X)-.]1+| —f(x)| dx S=—- | f(x)°dx .
y Laj(),f [dx()] y ZSaj()
a—0.5 x,0,0 h+0.5
L =9.294 S =10.667 yL =2.177 yS =1.6 Puc. 17

[Ipu po3B’s3yBaHHI L€l 3a7a4l OyJ0 BpaxOBAaHO CUMETPHUYHICTh KPUBOI I 1
Tpamellii ® BIJHOCHO OCi OY , BHACIIJOK YOTO OYEBUJIHO, IO IIEHTPH iX Mac JeXKaTh
Ha 11 oci, TOOTO xL=xS=0. Ha puc. 17 nienTp Mac KpuBOi MO3HAYEHO XPECTUKOM: X,
a LIEHTp Mac Tpamnelii — Kpyxeukom: °.

CydacHi KOMIT'IOTEpHI 3aco0M MaTeMaTUKH MOXYThb OyTH 3pyYHUMH,
MOTY>)KHUMU 1 e(EeKTUBHUMHU 3aco0aMu HaBYaHHA OyJb-SIKOi MaTeMaTU4YHOl
JTUCLUUIUIIHM, BKJIIOYAIOUM 1 MaTeMaTUyHuUW aHami3. EdekTuBHe menaroriuHo
BUBAXXEHE 1 JOIIBHEBUKOPUCTAHHS ITMX 3aC001B HEMOXIJIMBE 0€3 BpaxXyBaHHS PiBHS
PO3BUTKY Cy4YacHOI MaTeMaTH4HOI Hayku. ToMy HamaraHHs BHUKOPHCTOBYBAaTH
Cy4YacHI KOMIT IOTE€pHI 3aCO0M MaTeMaTUKH 3 OJJHOTO OOKY 3MYIIYIOTh KOPHUCTyBaua
OTAHYBAaTH JIEIKUMHU JOCATHEHHSIMH Cy4acHOi MaTeMaTHKH, a 3 I1HIIOro OOKy Take
BUKOPUCTAHHS HAJa€ MOXJIMBOCTI 31MCHUTH TaKe ONMAHyBaHHSA, OCKIJIbKU HE TUIbKU
MIJBUIIYE PIBEHh MOTHBOBAHOCTI HABUaHHS, a W POOUTH I1¢ HABYAHHS JOCTYITHUM
3aBISKHM TaKOMY YHAOYHEHHIO HaBYAJIBHOTO Marepiaily, sKe padime OyJo

BaXXKOJOCTYIITHHM.
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